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The thesis consists of three essays on matching. In Chapter 2, I introduce
an N-lateral K-decision matching model in which a matched group of N (one
from each class) must simultaneously choose one of K decisions. For any
decision, the surplus generated by a group of matched individuals is linear
in the individuals’ types. In each of the N classes, I assume that (i) there is
a continuum of agents, (ii) the agents are endowed with multi-dimensional
types, and (iii) the distribution of the types has a continuous density function.
In this case, I show that the equilibrium of the model exists and that it can be
constructed by solving an associated convex minimization problem. I provide
easily verifiable conditions for the uniqueness of the equilibrium.

In section 3.2 of Chapter 3, I consider a bilateral K-decision matching
model in which agents are endowed with one-dimensional types and, in con-

trast to Chapter 2, the surplus generated in a match may be non-linear. I
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provide sufficient conditions under which equilibrium matching is positive
assortative. In section 3.4 of Chapter 3, I propose a bilateral stochastic K-
decision model in which the utility of each matched individual is a sum of a
deterministic component, a match transfer, and an idiosyncratic component.
I provide general sufficient conditions for the existence and uniqueness of the
equilibrium of the model. The proof of equilibrium existence is constructive.

In chapter 4, I consider a matching model that describes a matching
process with coordination frictions in the labor market. In the literature, a
standard way to introduce coordination frictions is to describe the market
equilibrium as a symmetric equilibrium of a Bayesian game in which workers
apply simultaneously to firms and payoffs of the workers at each firm are
determined by the Vickrey mechanism. I extend the analysis of the model
to the case in which the workers are endowed with multi-dimensional types
and there are multiple job positions at each firm. I provide conditions under
which the construction of a symmetric equilibrium of the Bayesian game is
equivalent to the construction of a solution of a planner’s convex constrained

optimization problem.
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Chapter 1

Introduction

A matching model is a fundamental analytical tool in the description, de-
sign, and empirical evaluation of competitive markets. A matching model is
typically applied to the labor, marriage, or housing markets. For example, a
marriage market can be modelled as a set of men and women characterized
by their types. Men and women are endowed with preferences over the types
of the opposite sex and a reserve value of staying unmatched. The following

questions are analyzed within the framework of a matching model.
i Does (properly defined) equilibrium of the model exist?
ii. What is the structure of the set of equilibria of the matching model?

iii Is there an algorithmic procedure that constructs an equilibrium of the

model?
iv. What are the incentive properties of the equilibrium of the model?

There are many areas of study in which a matching model is either an-
alyzed directly or as a modelling block of a larger model. As you model
different markets you may have to make different assumptions about the
matching model that describes the market. For example, you need to choose

a matching technology. It is typically one of the following.
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1. Random matching. There is no centralized market and people meet
randomly in the economy. Each time they meet they have to decide
whether to match or not. The model is referred to as a random match-

ing model.

2. A single centralized market. In this market you observe and can make
an offer to any agent of the opposite type. The model is referred to as

a matching model without coordination frictions.

3. Several centralized markets. In this case an agent first chooses which
market to enter and then he can make an offer to any agent of the
opposite type who entered the same market. Matches between agents
who entered different markets are not feasible. The model is referred

to as a matching model with coordination frictions.

In a matching model you also need to assume whether the utility of an
agent in a match can be transferred to his partner or not. So a matching

market can be modelled as having either

1. transferrable utility

2. or non-transferrable or partially transferrable utility.
Finally, the matching model can be either

1. static (one-period) or

2. dynamic (multi-period).

Varying the combinations of these three types of assumptions may vary

analytical tools required to analyze the resulting matching model.
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My thesis consists of three pieces. In Chapter 2 I introduce an N-lateral
K-decision model which is a static model with transferrable utility and no
coordination frictions. In contrast to the previous literature in which indi-
viduals from two classes are matched and matches depend on the types of
agents, I consider the model in which (1) individuals from N (where N is an
arbitrary finite number) classes are matched in groups (each group contains
one agent from each class) and (2) matches depend on both the types of indi-
viduals and the decisions made in the matches. In common with the standard
matching model, I assume that any match generates some surplus which is
allocated among the matched agents. In my model, the surplus generated in
a match is linear in the types of the matched agent for any given decision.
For this form of the surplus function the transfers in each match are deter-
mined only by the decision made in the match. I show that, under certain
conditions, the equilibrium exists and is unique, thus extending results from
the bilateral matching literature to a multi-lateral model with decisions. I
then discuss how, even in the case of bilateral matching models, the model
introduced here can address interesting economic questions that could not
be addressed using the bilateral models in the previous literature. For ex-
ample, how a redistribution of income between males and females affects the
equilibrium matches and the equilibrium production of public good in the
families. In another application I introduce and solve analytically a model
in which matches depend on the agents’ choices of education level and age
to marry. I use the analytical solution to give an example of a comparative
statics exercise. I describe how a change in the cost of education affects the
matches in the market and the decisions made by the families. This appli-
cation illustrates also the role of complementarity between male and female

choices in the resulting equilibrium matches in the marriage market.
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In Chapter 3, I extend the N-lateral K-decision matching model in two
directions by relaxing some of the restrictions of the model when N = 2.
In each extension of the bilateral model, 1 consider a bilateral matching
model with K decisions. In the first extension of the bilateral model, the
surplus generated in a match has a more general form than that considered
in the first essay. I derive some sufficient conditions and some necessary
conditions under which there exists an equilibrium matching which is positive
assortative. Specifically, I consider a matching model in which there are two
classes of agents, the types of the agents are one-dimensional, and the surplus
generated in a match has a general form as a function of the types of the
agents and the decision made in the match (in particular, it may be non-
separable in the types of the agents). I show that if (1) for any decision
the types of the agents are complementary to each other and (2) the type of
an agent is complementary to the decisions made in the match, then there
exists an equilibrium matching that is positive assortative. In the second
extension of the bilateral model, the utility of an agent in a match has a
more general form than that considered in the first essay. Specifically, the
utility of an agent in a match depends on his type, the type of his partner,
decision made in the match, and some random component. I show that,
under certain conditions, the equilibrium exists and is unique and I discuss
how the equilibrium can be constructed numerically.

In Chapter 4 I introduce a bilateral static matching model with trans-
ferrable utility and coordination frictions. The model that I analyze extends
previous bilateral matching models with coordination frictions by assum-
ing a more general form of heterogeneity of agents. I consider two solution
concepts of the model: (1) an optimal solution of a planner’s optimization

problem and (2) a symmetric equilibrium of a Bayesian game. I show that
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the set of symmetric equilibria of the Bayesian game coincides with the set of
solutions of the first-order Kuhn-Tucker conditions of the optimization prob-
lem. In particular, it follows from the result that the optimal solution of the
optimization problem is a symmetric equilibrium of an associated Bayesian
game. The Bayesian game interpretation of the model offers two explana-
tions of frictions in the market. The frictions arise in the market because
(1) the agents have imperfect information (each agent observes only his own
type) and (2) the agents fail to coordinate their choices (agents use symmet-
ric strategies). I show that, under certain conditions, the objective function
of the planner’s problem is concave so that the symmetric equilibrium of the
associated Bayesian game can be constructed numerically using standard

convex optimization algorithms.



Chapter 2

N-Lateral K-Decision Matching
Model

2.1 Introduction

A one-to-one bilateral matching model describes the way the agents from two
classes (for example, buyers and sellers) are matched to each other in such
a way that a match consists of one individual from each class (so that for
example, one buyer is matched with one seller). Stability has been proposed
as the property to be satisfied in any reasonable matching. There always
exists a stable matching in a one-to-one bilateral matching model and a
stable matching can be constructed by a variety of algorithms proposed in
the literature. The one-to-one bilateral matching model and the concept of
stability can be naturally extended to a one-to-...-one N-lateral matching
model in which there are N classes and a match consists of one individual
from each class. In general, however, the set of stable matchings may be
empty in the N-lateral matching model. This partially explains why there
are few results for these models despite the fact that N-lateral matching
models describe many interesting economic situations.

One natural example described by a one-to-...-one N-lateral matching
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model is the market that consists of three classes of agents: consumers,
workers, and firms. The agents are matched in groups of three: one consumer,
one worker, one firm. The group makes a decision about which of a finite
number of goods to produce.

I propose an N-lateral K-decision model in which groups of N people
are matched. When matched, they must choose simultaneously one of a
finite number of decisions. For any given decision, the surplus function is
linear. The surplus generated in a match is a maximum of such decision
dependent surpluses. For convenience, I denote the N-lateral K-decision
matching model with this form of the surplus function as M.

In the case that, in each of the IV classes of agents, there is a continuum
of agents, each agent is endowed with a multidimensional type, and the
distribution of the types of agents has a continuous density function, I show

that the model MX has the following properties.!

(i) There always exists an equilibrium of the model. Sufficient easily verifi-

able conditions can be provided for the uniqueness of the equilibrium.

(ii) The equilibrium can be constructed numerically by solving an associated

convex minimization problem.?

A variety of matching markets can be naturally modelled by M%. Prop-

erties (i) and (ii) allow us to use the model to simulate numerically, and do

T also impose a restriction on the coefficients of the surplus function.

2A standard way to construct a stable matching in a bilateral matching problem is
to represent it as a linear optimization problem and solve it numerically applying, for
example, an auction algorithm (see Roth and Sotomayor, (1989) [30]). In this chapter,
I associate with M§ an optimal set partition problem. Each set of the agents’ types is
partitioned into K + 1 subsets. One subset of the partition corresponds to the subset of
types of unmatched agents and each of the other £ = 1... K subsets corresponds to the set
of the types of agents who make decision £k = 1... K when matched (some of the subsets
may be empty). The optimal partition generates naturally the stable matches of groups
of agents. The agents from different classes who make the same decision are matched
together in groups.
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comparative statics of the matching markets.

Even in the special case that N = 2, my model offers an alternative way
of thinking about how people match and, by extension, an alternative way of
defining and constructing the equilibrium in bilateral matching models. This
alternative representation of the matching model can provide more insights
about how people match.

For example, consider the N = 2 lateral, K = 2 decision model of the
marriage market in which males are matched with females. In the first appli-
cation, an agent’s type is interpreted as income and a decision is a quantity
of public good produced within a family®. This application (discussed in Sec-
tion 2.4.1) can address the question of how redistribution of income between
males and females affects the quantity of the public good. It has been shown
in the literature ([3], [4], [31], [37]) that redistribution of income within a
family has no effect on the quantity of the public good produced by the
family. However, this literature assumes that redistribution of income does
not affect how people match in the marriage market. A simple example,
described in this chapter, illustrates that redistribution of income typically
affects how people match and, therefore, affects the total quantity of public
good produced by families. Since the distribution of income is not neutral
in my model, I derive the distributions of income that generate the highest
and the lowest total quantity of the public good.

In the second application, an agent’s type is interpreted as ability or
taste*. A decision is interpreted as the education level and age of marriage

of each partner. This application illustrates the following points. First, it

3More specifically, it can be interpreted, for example, as the number of kids produced
within a family.

4The difference in the distributions of types between males and females may be either
a result of actual physical differences between the two genders or, for example, a result of
specific social norms in the society.



CHAPTER 2. N-LATERAL K-DECISION MATCHING MODEL 9

provides some intuition on how the existence of complementarity® among
male and female choices affects the matches and which decisions are made
in equilibrium. Second, some interesting comparative static exercises can be
done using the model that may explain how a change in the cost of education

for females affects the education and age of each partner in a match.

2.2 Literature

In this section, I discuss some known results of the bilateral matching liter-
ature.

In a standard bilateral matching model with transferrable utility and a
finite number of agents, individuals from two different classes, say males and
females, are matched in a one-to-one fashion. Let’s index males with i € 7
and females with 7 € J. If a male ¢ and a female j are matched, they
generate some surplus u”. Matching is defined as (i) a one-to-one matching
function m : Z — J U that describes the way the agents match (m(i) = 0
is interpreted as male i stays unmatched), and (ii) transfer functions, p}
and p]é, that correspond to each agent to a transfer that the agent obtains
(P8 + pi'@ = im®). Equilibrium of the model is defined as a matching
function m(-) and transfer functions p? and p} such that some stability con-
ditions hold. (Matching is stable if (i) the sum of transfers of any two matched
agents equals the surplus generated in the match and (ii) the sum of transfers
of any two arbitrary agents is greater or equal to the surplus generated in
the match.) Equilibrium always exists in a bilateral matching model (for-
mal definitions and results can be found, for example, in Roth, Sotomayor,

(1989) [30)).

>Complementarity among choices is a restriction on the surplus function and is defined
formally in Section 2.4.2
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If there is a continuum of individuals, then they can not be indexed as
in the previous model. Instead, it is assumed that each male and female
is endowed with a type denoted by x; € X; and x5 € X, and the mass of
males and females of a given type is described by distributions p; and o
correspondingly. The surplus generated by a matched pair of a male of type
x1 and a female of type x5 is a function of the types of the individuals denoted
by u(z1, 22). Matching is defined as (i) a matching function, m : X; — XsU()
that describes the way the agents match (m(z;) = 0 is interpreted as a male of
type z; stays unmatched) and satisfies some mass balance condition® (which
is a continuum analogue of the one-to-one mapping condition in the finite
case), and (ii) transfer functions, p;(x;) and pe(x2), that corresponds to each
type a transfer that an agent of a given type obtains (pi(x1) + pa(m(z1)) =
u(zy, m(z1))).

If the types x; and x5 are one-dimensional (z, € R), then agents can
be ordered with respect to their types. Becker, (1973) [2] shows that under
certain conditions the equilibrium matching is positive assortative 7.

When the types of the agents are multi-dimensional, a closed-form solu-
tion to the matching problem typically does not exist 8. In this case, the
equilibrium of the model can be constructed numerically, for example, by

an auction algorithm?. The algorithm is a procedure, which is very similar

5Formally, the mass balance condition is described as follows. For any set of female
types E, the set of male types that are matched with some type in E has the same measure
as E.

"Matching is positive assortative if the matching function from the set of male types
into the set of female types is non-decreasing.

8 An exception to this is a linear quadratic matching model in which there is a contin-
uum of agents endowed with multi-dimensional types, the surplus function is quadratic
u(xy,w2) = x¥Uxs, and the distribution of types in each class is a multi-dimensional
normal distribution. The surplus maximizing matching can be shown to be linear,
xo = mg + Mz, and explicit expressions for mg and M can be derived.

9For the description of auction algorithms see Roth, Stomayor (1989) [30] or Bertsekas
(1989) [6]. The algorithm is applicable only if the number of agents’ types is finite.
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to an ascending bid auction. For some special forms of the surplus function
the equilibrium matching can be described by a system of partial differential
equations (see, for example, [11]).

In general, the equilibrium matching function m(-) may not exist. To
obtain existence of the equilibrium matching a more general definition of
matching is used in the literature. In the definition, matching is described
by (i) a measure u defined on the direct product of the sets of agents’ types
(u(A x B) denotes the mass of matches of a male and a female in which
the male’s type belongs to A and the female’s type belongs to B) and (ii)
transfers of the matched individuals p;x; and pozs. Gretsky, Ostroy, Zame,
(1999) [14] show that equilibrium exists and provide sufficient conditions for
the uniqueness of the equilibrium of the model (the equilibrium is generically
unique). These conditions, however, are not easily verifiable in practice.

In the cited literature, agents do not make any decisions and the sur-
plus function depends only on the types of the agents. Cole, Malaith, and
Postlewaite ([8]) analyze a bilateral matching model in which agents from
each side of the market are endowed with one-dimensional types and choose
from among a continuum of one-dimensional investment decisions before they
match. The investment decisions made by one side of the market are com-
plementary to those made by the other side of the market. When matched,
each pair of agents bargain over the division of the surplus generated. The
assumptions guarantee assortative matching and allow the authors to focus
on conditions that prevent the hold-up problem. The restrictive assumptions
that the authors make narrows the number of applications of their model. In
particular, the model can not be used in the applications and can not address
comparative static questions that I discuss in this chapter. By contrast, I

analyze an N-lateral, K-decision matching model in which agents from each
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side of the market are endowed with multi-dimensional types and choose
from among a finite number of multi-dimensional investment decisions. The
decision is made at the same time as agents match. Alternatively, as in the
hedonic pricing literature (see, for example, [28]), I may assume that agents
make decisions before they match and that agents have rational expectations

about the transfers they obtain as a function of their decision.

2.3 Matching Model

In this section, I formally describe the matching model M% and define the

equilibrium of the model.

2.3.1 Model Set-Up

There are N classes of agents and there is a continuum of agents in each
class. Each agent is endowed with a multi-dimensional type. The type x,, of
an agent from a class n is an element of the set X,, = R™. Let u, denote
the distribution of types of the agents in class n. The distributions u,, are
assumed to have a continuous density function'®, denoted by f,(x,).

If a group of N agents, one from each class, match together they generate

a surplus

N
u(xy,...xx) = max (Z akx, + a'é) (2.3.1)
n=1

kek

where x, are the types of the agents in the group, £ = {0,1,..., K},

a¥ € R are some vectors of coefficients, af are some scalars, and afz,, =

Ty ap?al. The set K is interpreted as the set of decisions so that if a

0Though it may be true that a continuous density is not required to prove the existence
of an equilibrium when there is a continuum of agents, equilibrium may not exist when
continuity fails and there is a finite number of agents.
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matched group of N people chooses a decision k from the set K they gener-

ate the linear surplus

N
uf (21, an) = Z atr, 4+ af (2.3.2)
n=1

When a group of agents match they choose a decision k that generates the

k. Decision k = 0 is

highest surplus over all decision dependent surpluses u
interpreted as a decision to stay unmatched. In this case the agent of type

x, from class n in the matched group obtains his reserve value

Pn(@n) = apty + 1, (2.3.3)
where 0 are some constants (> 70 = af)). I show in section 2.3.2 that if the
functions u*(zy, ..., zy) are linear then in equilibrium each individual cares

only about the decision made by the matched group of agents but not about
the types of the other agents in the group !

The way the agents are matched is described by a vector of functions
m = (ma(+),...,muy(+)), where m, : X; — X, U (I interpret m,(z;) = 0
as an agent of type x; stays unmatched). The vector of functions m =

(ma(:),...,mny(+)) satisfies the following two conditions.
L. If m,(x1) = 0 for some n then
mp (1) = 0 (2.3.4)
for any n

2. For each n

pn(E) = pu(my, (E)) (2.3.5)

for any F € X,, measurable with respect to p,.

1This is true in a more general case when the functions u*(xy,...,zy) are separable
in agents types.
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I note that each group of matched agents contains exactly one agent from
each class. The first condition guarantees that if m,(z1) = 0 for any n,
then type x; agents are unmatched; otherwise, type x; agents are matched
with agents of types (ma(x1),...,my(x1)). The second condition is a mass

balance condition'2.

2.3.2 Definition of Equilibrium

If a group of agents with types (x1,...,zy) is matched together and chooses
decision k, then the surplus they generate, described in equation 2.3.2, is
allocated among the agents in such a way that an agent of type x, obtains
a portion of surplus, denoted by pF (z,). I assume that utility equals the
portion received. I restrict'® to allocations for which the portion of the

surplus received by agents of type z,, is of the form

PZ (zn) = afﬁn + pZ,O (2.3.6)

where py = {pfio n=1,....N, k=0,... ,K} is an array of unknown trans-

fer parameters and Y pk ;= af. If k = 0 then I assume that
p?l,o =70 (2.3.7)

That is, the transfer of an unmatched agent equals to the constant parameter
in his reserve value function. With this form of surplus allocation, an increase
in an agent’s type generates an increase in the portion of the surplus received

by the agent that is equal to the agent’s marginal contribution to the surplus

12The conditions 2.3.4 and 2.3.5 do not imply that matching functions ms(-), ..., muy(-)
are one-to-one in a measure theoretic way. That is, there may exist types x; € X; and
x} € X; such that z, = m,(x1) = my(z}) for some n. This is possible because there is
a continuum of agents of each type. Therefore, it is feasible that some agents of type z,
are matched with agents of type x; and some with agents of type 7.

13As I show later in this section there is no loss of generality in this restriction. Any
stable matching in this model corresponds to some equilibrium defined below.
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generated in a match. The transfers Pﬁ,o determine only how the constant
term af is divided in a match if decision & is made.

Let pno = {pfy:k=1...K} be the vector of transfers. The upper
demand set 5:(]0“70) € X,, for decision k in set X, is defined as

D,

(pno) = {@n € Xy : Pl (20) = pl(x,) forany [=0...K} (2.3.8)

The lower demand set Qﬁ (pno) € X, for decision k in set X, is defined as
Qﬁ(pn,o) = {xn e X, :pfl(xn) > p;(xn) forany [ =0... K} (2.3.9)

and a demand set Dﬁ(pmo) € X, for decision k in set X, is any set such that

—k
D% (pno) € DE(pno) € D, (pno) (2.3.10)

The set DY(p, o) is the subset of types, such that an agent from class n of
type z,, € DY stays unmatched and obtains his reserve value 7, (z,,).

The demand sets b:(pmo) and Qﬁ(pn,o) that correspond to a decision k
is a set of vectors that are solutions to a linear system of inequalities. Such
sets are called convex polyhedrons. In particular, the sets are convex and
connected.

Now I define the equilibrium of the model'.

Definition 2.3.1 A matriz of transfers pf’;’o and corresponding demand sets
DF (pno), defined by equations 2.3.8-2.3.10, describe an equilibrium of M%
if:

.....

of the set X,,. That is,
X,=UK ,DF  and  p.(DFNDF)=0 (2.3.11)

for any k # k.

14 An alternative equivalent definition is given in section 2.6.5.
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2. For each k # 0, the measure of the agents that prefer decision k is the
same in each set X,. That is, for each k =1,... K

o (D) = pa (D) 2312
for any n,n.

3. The sum of transfers to the agents in a matched group equals the con-

stant term in the surplus generated by the group. For eachk =1,..., K

Zpﬁ’o =af (2.3.13)

Condition 2.3.12 is a mass balance condition. It ensures that an equal
mass of agents from each class prefer any given decision £ = 1,.., K. Con-
dition 2.3.13 is a surplus balance condition. It ensures that the sum of the
surplus portions allocated to each agent in a match equals the surplus gen-
erated in the match.

An equilibrium generates matched groups of N individuals, one from
each class. All agents in a match choose a common decision k. Each match
consists of one agent from each class chosen arbitrary from a set of agents
who choose a common decision k.

In the next proposition I show that equilibrium defined in 2.3.1 generates

a stable matching. But, first, I give the definition of a stable matching.

Definition 2.3.2 A matching m = (mo(z1),...,my(21)) is stable if there

exist transfers p,(x,), n = 1,..., N such that for any vector of types (x1,...,TN)

p1(x1) + po(xe) + ... + py(TN) > ulxy, ... 2N) (2.3.14)

and for any matched group (x1, ma(x1),...my(x1))

pi(@1) + p2(ma(21)) + ... + pv(mn(z1)) = w(z1, ... 2N) (2.3.15)
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The following statement shows the relationship between stable matching

and equilibrium of the model

Proposition 2.3.1
(i) Equilibrium matching and transfers generate a stable matching®.

(i1) Any stable matching is generated by some equilibrium matching and

transfers.

A corollary of the proposition is that there does not exist a stable match-
ing in which the transfer functions are not linear. Therefore, constraining
the transfers to the functional form 2.3.6 does not reduce the set of stable

matchings of the model.

2.3.3 Optimization Problem

In a standard model of supply and demand, equilibrium can be constructed
as a solution of an associated planner’s optimization problem. Let’s consider,
for example, a market for a homogeneous good in which inverse demand and
supply functions are py(Q) and ps(Q), where @ is the quantity of the good.
The planner chooses () so as to maximize the social surplus function which is

defined as W(Q) = fOQ [pd(@) — ps(Q| dQ. The first-order condition to the
planner’s optimization problem is pd(@) = ps(@). The surplus maximizing
values of @ and pd(@) are interpreted as the equilibrium quantity and price in
the model. The condition pd(@) = ps(@) is interpreted as demand equals sup-
ply at the equilibrium price. In this chapter, I also construct an equilibrium
of the model by finding a solution of an associated planner’s optimization

problem. There is no analogue, however, between M’ and the simple model

5Formally, this means that the set of matches and the transfers to the agents in the
equilibrium are the same as the set of matches and the transfers in the stable matching.
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of a commodity market described above. In particular, I can not associate
directly the equilibrium of the model with the first-order conditions of the
planner’s problem. Instead, I construct demand sets and transfers by solving
a planner’s problem that involves demand sets, transfers, and mass balance
condition. I begin by introducing the optimization problem in which the
planner finds matching functions ms(+), ..., my(:) that maximize aggregate
surplus. I then introduce the planner’s problem in which the planner finds
the optimal partition of the sets of types among all partitions that satisfy
mass balance condition. The dual to this problem is the one in which the
planner finds the transfers that give rise to the demand sets which satisfy
mass balance condition. Finally, I describe in Theorem 2.3.1 the relationship
between the planner’s surplus maximization problem, the dual problem, and
the equilibrium of the model.

The planner’s natural surplus maximization problem is described as fol-
lows. Let, for any given matching functions (ms(-), mn(-)), the aggregate
surplus be defined as the sum of the reserve values of the unmatched agents
and the sum of surpluses of the matched groups of agents. The planner

chooses the matching functions that maximize the aggregate surplus.

MAX 00 (21),...;m (1) le\H? u(xy,me(zy), ..., my(z1)) fr(xr)dr,

+ Zn fl‘[% TTI(xn)fn(xn)dxn

s.t.. foreach n ., (E) = ui(m,; '(F))
for any E' € X,, measurable with respect to p,
(2.3.16)

where, for each n, the set I1° is the subset of the types of unmatched agents in
class n and the constraint in the planner’s problem is the stability condition
2.3.5 that any matching function must satisfy. Figure 2.3.1 illustrates a

matching between the types of males and females.
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X1 X2

,,,,,,,,,,,,, .

—
=

Figure 2.3.1 There are two classes of agents who are endowed with two-dimensional
types. A sample distribution shows the distribution of the types in each class. Function
x9 = mao(x1) describes the matching between the types of the agents. The matching
function m(z1) satisfies mass balance condition 2.3.5 so that for an arbitrary set F € X,
the number of the agents’ types that belong to the set E equals to the number of the
agents’ types in set X; that belong to the set m~1(E) of types in € X; that is mapped

into E by m(xq).

Now I show that the surplus maximization problem can be equivalently
represented as a problem in which the planner chooses an optimal partition of
the sets of types among all the partitions that satisfy mass balance condition.
Matching functions m(-) = (ma(-), ..., my(+)) generate a natural partition of
each set X,, into K 41 sets where each type in the set makes a given decision.
The partition of a set X, is described as follows. The set I1° denotes those
types of agents x, for whom z,, # my,(x;) for any z;. That is, the set TI°
consists of types of agents who remain unmatched. The set II* consists of

those types of agents x,, = m,(x;) for whom decision k = 1, ..., K generates
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the largest surplus conditional on the matching m(x;). That is,

o)+ D almimy ! (2,) + af 2

N
aymy (@a) + ) ami(my, (24)) + ai
1=2

for any [ = 0,..., K. Note that the fact that the surplus function u*(-) is
separable in types implies that if two matchings generate a given partition
of the sets of types IT* k = 0, ... K into decision sets, then the two matchings
generate the same total surplus.

Let P, denote partition of set X,, into subsets II¥, k = 0,..., K so that
X, = (U IIE) LIS, Let P = (Pi,. .., Pn) denote the vector of partitions. I
consider the following total surplus function that maps the set of all partitions

into the real line.

n€llk

V(P) = [ Z / a¥ .y, fr () dy, + ab g (TIF) | +
k=1,..,K Ln=1.N"7%

Z / o T (Tn) fr(Tn)dz, (2.3.17)

n

The optimization problem can now be reformulated as follows. Find the

vector of partitions P that maximizes the following function

maxp V(P)
(2.3.18)
s.t. for each &k pF(I1%) = p*(I1%) for any n
In the optimization problem IT¥, & = 1,... K is a set of agents in X,, who

make decision k, when matched, and TI® is a set of unmatched agents in the
set X,,.

It is not clear how to solve for the optimal partitions of the sets'6. Instead

161t is not clear, for example, how to differentiate function V (P) with respect to P.
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of solving optimization problem 2.3.18 directly I formulate the dual problem.
Let

K
W, (Pno) = Z/ [aflxn —i—pﬁ,o} fol(xn)dx,+
k=1 Dﬁ(pn,o)

/ [an@n + Do) fol@a)dz, (2.3.19)
D%(pn,o)

where for each n, (1) the sets DF satisfy condition 2.3.10 for any k = 0,..., K

.....

That is, X,, = UX_DF and p,,(DF N D;’i) = 0 for any k # k. Let also

W(po) = > Walpno) (2.3.20)

where pg = (pno), n =1...N. The dual optimization problem is described
as follows. Find an array of values py that is a solution to the following

minimization problem.

min,, W(po)
st. Y, pho=af foranyk=1,...,K (2.3.21)
pg,o =7,
A solution pg to the problem 2.3.21 generates demand sets DF, defined in
2.3.10, that partition the sets of types into the subsets of agents who choose
different decisions. In the following lemma I provide conditions under which

the equilibrium of the model exists and the demand sets that correspond to

the optimal array of transfers p’fho generate the optimal partition of the sets

X

Theorem 2.3.1 The following statements hold.
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(i) For any array of transfers py that satisfies the constraints of the problem
2.3.21 and for any partition vector P that satisfies the constraints of
the problem 2.3.18 the value of the dual objective function is greater
or equal to the value of the objective function of the optimal partition

problem, that is W(py) > V(P).

(i1) Suppose that Assumption 2.3.1 holds and in each class there is a con-
tinuum of agents endowed with multi-dimensional types and the distri-
bution of the types has a continuous density function. Then the optimal
array of transfers py generates the partition P(po) of the sets X, into
demand sets DY, defined as in 2.5.10, such that W (po) = V(P(Do)).
Partition P(po) is a solution to the problem 2.3.18. The transfers py
and the corresponding demand sets DY describe the equilibrium of the

model.

~

(111) If W(po) > V(P), where py is a solution of the dual problem 2.3.21 and
P is a solution of the primary problem 2.53.18 then the equilibrium of

the model does not exist.

Proof is in the Appendix. To summarize, the problem is modified so that
instead of looking for the optimal matching functions I look for the array of
transfers that generates an optimal partition of the sets X,,. The optimal
matching is constructed from the optimal partition as follows. If an agent
belongs to a set D then he stays unmatched. For each decision k =1,..., K
the agents that belong to the sets D¥, n = 1... N, are matched to each other

in an arbitrary way. This can be illustrated by the following picture.
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23 w31
D}
DY = set of DY = set of
unmatched agents unmatched agents
i 3

Figure 2.3.2 There are two classes of agents who endowed with 2-dimensional type. An
array of optimal transfers py generates a partition of the set X, of types of the agents into
the sets DF such that uf(D¥) = p5(D5). The optimal matching maps the agents’ types

from a set D¥ into the set D} for each k in an arbitrary way.

2.3.4 Properties of the Optimization Problem and Ex-
istence of the Equilibrium

In this section, I prove that the equilibrium of the model exists and show
how the equilibrium can be constructed numerically. First, I impose some
restrictions on the coefficients a® under which the objective function in op-
timization problem 2.3.21 is differentiable. Then I show in Proposition 2.3.2
that existence of equilibrium follows directly from the differentiability of the
objective function. In Theorem 2.3.2 I generalize Proposition 2.3.2 and show

that the equilibrium of the model exists for an arbitrary array of coeffi-
k

cients a,;. I derive then the second derivative of the objective function of
the optimization problem 2.3.21. 1 use the second derivative to show that
the objective function is convex!'” and, therefore, the problem 2.3.21 can be

solved by standard numerical methods.

17Tt can be shown that the objective function is convex under very general conditions.
In particular, convexity of the function can be proved in the cases when the function is
not differentiable and even in the cases when the equilibrium of the model does not exist.
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To derive the first and the second derivatives of the objective function
in the optimization problem 2.3.21 I impose the following restriction on the

coefficients a”.

Assumption 2.3.1 For each n,

ak +d, (2.3.22)
for any k # 1'8.

Note that if Assumption 2.3.1 holds, then the set of types of agents who
are indifferent among several decisions has zero measure. Therefore, pu,, (EI:L N
D) = 0 and demand set D¥(p,) can be chosen, for example, as the upper
demand set!?.

To show that the equilibrium of the model exists, I find the first derivative
of Wi, (pnyp), defined in 2.3.19, with respect to pfz,O' Note, first, that variable
pfho is present both in the integrands and the sets D! (pno), [ = 0,..., K
over which the integrals is taken. First, I look at how each set D! (p,)

is changing as pf , increases to pf, + €, ¢ > 0. The change in the sets of

integration is illustrated in Figure 2.3.3.

Figure 2.3.3 A change in demand set D¥ and D!, [ # k, as the transfer pfm of decision
k in the set X,, increases by € > 0. Each boundary of the set DX with D!, shifts away

from D¥ in a parallel fashion.

18The assumption is not so restrictive since the set of parameters that satisfies this
assumptions is dense in the original set of parameters R™ x ... x R™.
19 Assumption 2.3.1 also guarantees that demand sets change continuously with transfers.
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Let T* denote the boundary between the sets D and DY, :

0 = L € X1l ) = 9l ().

pF (2,) > p' () forany i =0, ..., K} (2.3.23)

Let [ h (%) fo (2n) denote the surface integral of a function h (x,,) over

20

the boundary '™ in RM» space As Pfl,o increases by €, each boundary

%1 =1...K of the sets DF and D!, shifts away from the set D¥ in a paral-
lel fashion (some boundaries T'*" can be empty sets). The distance between

the old and the new boundaries of the sets is €. Therefore, if 1 differ-

Ian |

entiate function | D (pno) () fn(xy)dx, (note that the set of integration is

DF (pno)) I obtain

0

a - h Tn fn In dmn h Tp fn Tn
P /D i) Z |a,€_az| () fo (2]

I‘kz

for any continuous function h (z,). If, on the other hand, I differentiate func-
tion [, onoy 1 (2,,) fa(w,)dz, (note that the set of integration is D!, (pno)) I

obtain

0
81?52,0

1

|ak —al | Ikl

[ h) e, = - B (@) fo ()

I can apply now the above arguments to find the first derivative of
W, (pno)- Note also that for each differentiated term | DL (pn o) [aﬁlmn + Piz,o]
in W, (pn,o) the derivative of the integrand with respect to pf , is one if | = &

and zero otherwise. Summing this all up I obtain

20For a formal definition of surface integrals see, for example, chapter 14 in ”Calculus
in Vector Spaces”, 1995 by Lawrence Corwin and Robert Szczarba.
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= fo(@n)dz,+
apf‘lo Dk pnO

1
+Z|ak |/ pn Ty) fn ZEn)_ZW Flpn(xn)fn(xn)

By definition, p* (z,,) = P, (x,) on the boundary of any sets DF and D! so
that

ow,,
Mo JDEma)

Existence of the equilibrium follows immediately from equation 2.3.24.
Proposition 2.3.2 Suppose that Assumption 2.5.1 holds. Suppose also that
Do is a solution of the dual optimization problem 2.3.21, 5:2(@\”,0) are the
corresponding upper demand sets (defined in 2.3.8), and DE(D,0) = E: (Pno)-

Then the transfers py and the corresponding demand sets DE(p, o) describe

the equilibrium of the model.

The proof follows immediately from the definition of the equilibrium. Con-
dition 2.3.11 of Definition 2.3.1 follows immediately from Assumption 2.3.1.
The surplus balance condition 2.3.13 is a constraint in the dual optimization
problem 2.3.21 and, therefore, it holds by construction of py. Finally, mass
balance condition 2.3.12 is exactly the first order conditions 2.3.24 of the

optimization problem 2.3.21. The result can be generalized as follows.

Theorem 2.3.2 Equilibrium of MY exists for an arbitrary array of param-

eters {af}.

Proof?! is in the Appendix. Next, I find the second derivative of W, (p,.0).
Let

21 Assumption that each distribution of the agents’ types has a continuous density func-
tion is essential in the proof. It is easy to construct examples with a finite number of
agents in each class in which the equilibrium of the model does not exist.
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1
= [ fu(wa)da, >0 for k #1 (2.3.25)

Tkl g

Lemma 2.3.1 The elements w™ (p,o) of the matriz of the second partial
cross derwatives of W, (pn.0) with respect to p, o are described by the following

formula

02 W, _{ Tk ik £

X 2.3.26
Zlikn’fl, if k=1 ( )

00 = Bk ok

Proof. As I have shown above ¥ — ka(pn " fo(zy)dx,. Taking the

k
apn,O

partial cross derivative with respect to pil’o, applying the same argument as

I did for the first derivative, and keeping in mind that A (x,) = 1, I obtain

o*WwW,, 1

9P L ) = — Mk £
a0 oL & =l Jo T ()

o*WwW,, 1 /

— - = — fo(zn) = T,]fl.
Taory 2Tl ey 2

Let Q,(pno) = (wH). The matrix of the second derivatives Q(p, ) has the
following properties. The elements on the main diagonal are non-negative,
the off-diagonal elements are non-positive, and the sum of the off-diagonal
elements in each row is smaller or equal in absolute value than the diagonal
element in this row. Any such matrix is positive or semi-positive definite

(see, for example, [5]). Therefore, the function W, (p,0) is convex.

Proposition 2.3.3 For each n the function W, (pno) is a convex function

Ofpn,O-
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2.3.5 Uniqueness of the Equilibrium

In this section, I provide conditions under which the equilibrium of the model
MPX is unique. In order to do comparative statics exercises, like I do in section
2.4, I need easily verifiable conditions for the uniqueness of the equilibrium
transfers to the agents. If p,o and D, are two equilibrium transfer arrays
of decisions in class n then the function W, (p, ) is constant for any transfer
Pro = tPno + (1 = )Dno, t € [0,1] and, therefore, the vector p, o — Ppo is an
eigenvector of the second derivative of W,,(p, o) of the eigenvalue of zero. The
uniqueness of the transfers is related closely to the number of eigenvectors

that correspond to zero eigenvalue of €2, (p,) for each n.
Eigenvectors of ,(p,o) when Eigenvalue is Zero

In order to find the dimension of the space of optimal transfers I look at the
graph, associated with the matrix €2,,(p,0). The graph describes formally the
link between the connectedness of set of types X,, (I introduce connectedness
later on page 31 in Definition 2.3.3) and the structure of the matrix Q,(py.0).
In order to do, so I start with giving some standard definitions from graph
theory much of which is quoted directly from ”Graphs & Digraphs”, 1996,
Mike Henning and Ed Palmer.

A graph G is a finite nonempty set of objects called vertices together with
a (possibly empty) set of unordered pairs of distinct vertices of G called edges.
The vertex set of G is denoted as V' (G), while the edge set is denoted by F (G).
Vertices v! and v? are adjacent vertices if e = vv? is an edge of G. A graph G
with vertex set V (G) = {v',...,vF} and edge set E (G) = {e!,...,e™} can
also be described by means of matrices. An adjacency matriz A(G) = [akl]

is defined as
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w1, ifvivi e E(G)
TN 0, vV ¢ B(G)

Two vertices v¥ and v! of the graph G are connected if there exists a
path (set of edges) that connects the vertices. Graph G is connected if every
two vertices of the graph are connected. The relation ’is connected to’ is an
equivalence relation on the vertex set of graph G. Each subgraph induced by
the vertices in a resulting equivalence class is called a component of G.

i apply this graph theoretical definitions in the analysis of the number
of eigenvectors that correspond to the eigenvalue of zero of Q,(p,o). Let
A, (pno) = [a¥] be defined as

- L
A, (pno) is an adjacency matrix of some graph. Let G, (pno) be the graph
associated with the adjacency matrix A, (pn.0).

Let {Qm-}i:l___77 be the components of G, (p,). Each component G, ; cor-
responds to a subset of columns Z,,; C Z in the matrix §2,(p,o), where
7 ={1,2,..., K} is the set of all columns. For convenience, I use the same
terminology for the columns and decisions as for the graph vertices. Thus, I
say that two columns (decisions) are adjacent in ,(pno) if the correspond-
ing two vertices are adjacent in the graph and two columns (decisions) are
connected in ,(pno) if the corresponding vertices are connected. Note that
two columns (decisions) k and [ are adjacent if w* # 0 and connected®? if
k,l €1, for some 1.

Consider the following vectors v,; = [v),;] =1 for each n and i

221f at transfers p, o decision k is taken by a zero measure of agents in class n then it
is not connected in Q,,(pn,0) to any other decision. In this case any off-diagonal element
wkl = 0 in row k.
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(2.3.27)

v

L[ 1, ifleT,,
ni =00, ifl ¢TI,

Fix n and transfers p, . Let &,(p,0) denote the linear space spanned by
the eigenvectors of ,(p,0) that correspond to the eigenvalue of zero. First,

I prove the following lemma.

Lemma 2.3.2 The vectors v,;, © = 1...n, defined in 2.5.27, are elements

Of gn (pn,O) .

Proof is in the Appendix. The space of &, (pn) is, by definition, the space
of solutions of the linear system €,(p,o)v = 0. I show next that the set of

vectors {v,,;} forms a basis of &,(pn.0)-

i=1...n

Lemma 2.3.3 The vectors vy, 1 = 1...n, defined in 2.3.27, form a basis
of the space E,(pnyo)-

Proof is in the Appendix. The following corollary follows immediately

from the proof of lemma 2.3.3.

Corollary 2.3.1 Let v be an eigenvector of §2,(pno) that corresponds to the
eigenvalue of zero (v € E,(pno)). Then vF = v for any connected columns

k and l of the matriz Q,(pno)-

Uniqueness

Let

K. (pno) = {k : g (DE) >0, given p, o} (2.3.28)

be the set of decisions that are taken by a positive measure of agents in

set X,, given the vector of transfers p, . If p,o is an equilibrium transfer
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matrix then mass balance condition 2.3.12 implies that the set Il (p, ) is

independent of n. Let

K* (po) = K (Pno) (2.3.29)

denote the set of decisions taken by a positive measure of agents in X,, for
any n.

First, I prove the following lemma.

Lemma 2.3.4 Suppose that py and py are two equilibrium transfer matrices
and k and l are two decisions that are connected in ,,(Dno) at transfers py..

Then ﬁ]:L,O - m,O = ﬁn,O - ﬁln,O‘
Proof is in the Appendix. Next I need the following definition.

Definition 2.3.3 Suppose that the measure ju has a continuous density func-
tion f(x). I say that set X is connected with respect to measure y if there
does not exist a pair of disjoint sets A and B such that u(A) > 0, u(B) > 0,
and f(x) =0 for any x € X\ (AU B).

Lemma 2.3.5 Suppose that the measure i, has a continuous density func-
tion fn (x). If a set of agents types Y € X, is connected with respect to i,
and decisions k and | are such that p,,(Y N DY) > 0 and p,(Y N DL) > 0,
where demand sets DY and D}, are constructed for some transfer vector py o,

then decisions k and | are connected in €, (pno) at transfers p,.

Proof is in the Appendix. Now I am ready to formulate the main result

about the uniqueness of the equilibrium transfers.

Theorem 2.3.3 Suppose that Assumption 2.5.1 holds, there is a continuum

of agents endowed with multi-dimensional types in each class n, and for each
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n the distribution of types p, has a continuous density function f, (x). Then

the following statements are true.

(i) The set of partitions, generated by the set of solutions of the dual min-

imazation problem 2.3.21, is a singleton.

(11) Suppose that for some n, the set of types X,, is connected with respect
to p,. Also suppose that the transfers of decision ko satisfy ]54:30 = ﬁﬁ%

for some decision ko € KT (po). Then pf o = Dy o for any k € K (po).

(111) For any class n, the vector of optimal transfers D,o is determined
uniquely if the set of types X, is connected with respect to p, and a

positive measure of agents are unmatched in class n.

2.4 Applications

So far I have presented a theory of the general N-lateral, K-decision matching
model for which I have provided conditions for existence and uniqueness of
equilibrium. In this section, I give two application of the marriage market in
which the equilibrium of the model is described analytically.

In the first example, I show how redistribution of income affects total
production of public goods in the families.

In the second example, I describe the solution of the model analytically
in the case that matches between individuals are determined by their choice
of education level and age of marriage. I assume that there is some form of
complementarity among the choices. For some parameters, in equilibrium,
the types are partitioned into two sets, which can conveniently be interpreted
as a set of high types and a set of low types. For these parameters, high-
type individuals obtain a high level of education and decide to start their

families later in life and low-type individuals obtain a low level of education
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and decide to start their families earlier in life.?> The example illustrates
how complementarity among choices produces assortative matching in the
market.?* In principle, the analytical description of the equilibrium also
allows me to do various comparative static exercises. I provide one such
comparative static. I show how a change in the cost of education for females
affects transfers as well as the education and age of each partner in a match.

It is important to emphasize that these applications are #llustrative. The
objective of the applications is to show how the theory can be applied to
explain selection in the market in which different types of individuals produce
different types of families. The selection determines the equilibrium matching

and family structures.

2.4.1 Redistribution of Income and Production of Pub-
lic Good in the Families

Let’s consider the following simple model. There are two classes, g € {1,2},
of individuals: males and females. A male type, x; € [0, 1], and a female
type, o € [0, 1], is interpreted as the individual’s income. The distribution
of types is denoted by u; for males and by us for females. A matched pair
chooses a decision which is an element of the set K = {0,1,2}. Decision
k € {1,2} is interpreted as the quantity of the public good produced in the
family. For example, it could be the number of kids produced in the family.

The surplus generated by a match between a male of type x; and a female

23In general, other types of families may also be produced in equilibrium (a female with
high level of education may be matched with a male with low level of education, etc). A
particular matching structure depends on the parameters of the models. The described
matching is, in a sense, a 'representative’ matching.

24In the example, assortative matching means that a subset of high-type males is
matched to a subset of high-type females and a subset of low-type males is matched
to a subset of low-type females.
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of type x5 that produces k units of public good, is
u(xy, 9, k) = afxy + abxy + ab (2.4.1)

I assume that

a? > aj a2 > al (2.4.2)

that is, the individuals of higher types have a higher valuation of the public
good. For simplicity, I also assume that (1) aj = a} =0, (2) a} =0,a2 <0
(the restriction implies that while the value of decision k = 2 increases faster
with the type of an agent than the value of £ = 1 it also has a higher fixed
cost —a?.), and (3) aj = —oo (the last restriction implies that in equilibrium
there are no unmatched individuals).
Let p be the transfer from a male to his matched female if & = 2. If
= 1 then both individuals in a match obtain zero utility. If two matched
individuals choose k = 2 then the male obtains utility u; = a?z; — p and the
female obtains utility us = a3y + (a2 + p). The equilibrium of the model is

described in the figure below.

1 1
k=2 k=2
T To
k=1 | ~———| k=1
0 0
~ 2 D AN .
where 7; = :42 and Ty = —a(:;{p and the equilibrium transfer p is found
1 2

from the condition ([0, 77) = u2([0,732). In the figure, the females of types
[0,75] are matched to the males of types [0,7;] in any one-to-one fashion
and a matched pair chooses k = 1. The females of types [To, 1] are matched

to the males of types [Z1,1] in any one-to-one fashion and a matched pair
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chooses k = 2. This matching function (in which low types are matched to
low types and high types are matched to high types) has a simple intuitive
explanation. The choice of decision k£ by an agent depends on the constant
part af and the value of the variable term afz, that the agent obtains.
Decision k = 1 generates a higher constant part and a lower value of the
variable part. Therefore, the decision is chosen by low type individuals. The
reverse is true for decision k£ = 2.

Next I perform the following comparative static exercise. I change the
distribution of types in the following manner. Select any positive mass m of
female types x5 > T and decrease each of these income types by an amount
0 so that income becomes less than T,. At the same time, take the positive
mass m of males of types x1 > T; and increase each of these income types
by 6. An example of this change in distributions is illustrated in the figure

below.

1 1
k=2 ] k=2
7 [ Ty
k=1 k=1
0 0

As the distributions of the types change, the measure of the set [, 1]
does not change while the measure of the set [Ts, 1] decreases by m. To
bring the system back into the equilibrium I increase the transfer p so that
Ty increases and To decreases. In the new equilibrium, the total quantity of
the produced public good is smaller than in the original equilibrium so that

the distribution of income is not neutral in this model.
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Since the distribution is not neutral, we might be interested in fixing the
aggregate incomes of all families to be I and asking which distribution of
income produces the largest and the smallest quantities of the public good.

To answer the question I need to solve the following optimization problem 23

maxy, ,us M1 ([fla 1])
Jo wrdpn (@) + [y wadp(as) = T (2.4.3)

p ([, 1]) = p2 ([T2, 1))

The problem has a simple and intuitively obvious solution. If aj > a3
then py ({1}) = 1 (so that all income is given to the males) and uy ({0}) =1
(so that no income is given to the females). That is, there is only one type
of male and one type of female so that the distribution is degenerate. Any
arbitrary match is possible and transfers are not uniquely determined. If
a} < a} then the quantity of the public good is maximized if all the income
is given to the females.

The opposite rule minimizes the total quantity of the produced public
good. If a] < al then p; ({I}) = 1 and py ({0}) = 1. If af > a) then

pa ({1}) = 0 and g ({1}) = 1.

2.4.2 Marriage Market with Complementary Choices

I consider an example of the marriage market in which each individual chooses
a level of education and an age of marriage. The model is set up as a static
model?® . However, I allow the matched partners to choose a different age
of marriage in the model. To interpret this type of matches in the static

model I illustrate by example that the equilibrium of the static model can be

25This problem finds the distributions of types that maximizes the total quantity of
public good. To solve the opposite problem I need to change max to min in the problem.
26The model is an application of a static M model
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represented as a steady state equilibrium of a multi-period marriage market.
Under the multi-period interpretation a new generation enters the market
each period and each individual chooses whether to marry in the period of
entry (which corresponds to the decision marry early in the static model)
or to marry in the subsequent period (which corresponds to the decision to
marry late). The matches in which agents choose different age to marry are
interpreted as cross-generation marriages.

Now I proceed with a formal description of the static model. Let’s con-
sider the following marriage market. Male type®” is denoted by a scalar
x1 € [0,9;] C R and female type is denoted by x5 € [0,7,] C R. The distri-
bution of male types is denoted by u; and the distribution of female types
is denoted by ps. If a male and a female match, they make a decision k
which is described by a vector k = (kq, ko, l1,13), where k; € {0,1} denotes
the male’s choice of education, ks € {0,1} denotes the female’s choice of
education (k; = 0 and ko = 0 denote low level of education and k; = 1 and
ks = 1 denote high level of education) , I; € {0, 1} denotes the male’s choice
of the age of marriage, and Iy € {0, 1} denotes the female’s choice of the age
of marriage (I = 0 and Iy = 0 denote the choice to marry early and [} = 1
and Iy = 1 denote the choice to marry late®®). Given the types z; and o
of the matched individuals and the decision k& = (ky, k2,11, l5) made in the

match, the surplus generated in the match is
w(xy, wg, k) = aPay 4 af?ag + [P0 4 05 4 phole] (2.4.4)

In this example of the marriage market, I analyze, in detail, the case in

which weak complementarity exists between any two choices of an individ-

2"The type variable may have different interpretations. It could be, for example, ability
of an individual, or income saved by the individual’s parents for his education.

28In the multi-period market {; = 0 and I3 = 0 denote the choice to marry at the period
of entry and [; = 1 and ls = 1 denote the choice to marry in the subsequent the period
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ual and strict complementarity exists between the choice of education and
the type of an individual. I define complementarity similar to how it is de-
fined between types in the matching literature?. For example, for any given
choices 1y, [5, k2 and any given female’s type x, a male’s choice of k; € {0, 1}
is strictly complementary to the male’s type z; € [0,7;] iffor & =1 >0 = k|

and any zf >

U(17k2’l1’l2)(ﬂf,1/, ..'13'2) + u(O,k‘Q,ll,lz)(xll’ xQ) > U(17k27l1712)(x/1, xQ) + u(O,k’Q,ll,lz)(xl{, 1,2)
(2.4.6)

Using 2.4.4, it is immediate that condition 2.4.6 is equivalent to
a; > af (2.4.7)

Similarly, a female’s choice of education is strictly complementary to the
female’s type x if

ay > ay (2.4.8)

Analogously, I define weak complementarity between any two choices of an
individual. For example, for any given types x; and x5 and any given choices

I, ko a male’s choice kq is weakly complementary to the male’s choice [y if
u(17k271712)<x1’ xz) + u(07k270,l2)(x1’ $2) > u(l’k2’0’12)($1, .1'2) + u(O,kQJ,lz)(xl’ xQ)

or, equivalently,

b},l + b?,o 2 b%,o + b(1]71 (249)

2In the matching literature the surplus function u(z1,22) typically depends only on
types of the individuals and the types are assumed to be complements. Formally, comple-
mentarity between the types is defined as the following condition on the surplus function.
For any x{ > 2} and x4 > z}

u(ay, x5) + u(a, 25) > u(zy, 25) + u(@), 25) (2.4.5)
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Similarly, a female’s choices ko is weakly complementary to the female’s
choice [, if

bé,l n bg,o > b;,o 4 bg,l (2.4.10)

and a male’s choices [; is weakly complementary to a female’s choice [5 if
bil 4+ %0 > ph0 4 0t (2.4.11)

I also assume that

A >0 a2 >0 (2.4.12)

that is, individuals of higher types generate higher surplus.

Before I describe the equilibrium analytically, I need to define it. Note
that in Definition 2.3.1 of the equilibrium I consider a market for each possible
decision of a matched pair. In equilibrium, the transfers between married
partners clear each of these markets. In the example of this section, I redefine
the equilibrium in such a way that the number of markets is reduced to a
single market®?. For a surplus function of the form 2.4.4 I consider only the

market for a female’s choice to marry late 3.

Thus, I need to construct
only the transfer p that a male pays to a female who chooses to marry
late. An equilibrium in the marriage market is described by (1) the market
clearing transfer, (2) the corresponding matches, and (3) the optimal choices
of different types of individuals. In section 2.6.6, I illustrate by example that
the equilibrium constructed in this example can be equivalently represented
as the equilibrium introduced in Definition 2.3.1. Therefore, the definition

of the equilibrium that I use in this section simplifies the analysis but does

not introduce a new equilibrium concept of the model.

30T do not have a theory yet that describes how in general to reduce the number of
markets, that correspond to different decisions, for a given arbitrary form of the surplus
function. Analysis of the problem is a part of my current research.

31 Alternatively, I may consider the market for male’s choice to marry late or the market
that corresponds to some other choice.
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Let’s now consider the market for a female’s choice I = 1. First, I define
the demand sets and the demand correspondences for males and females. For
a given transfer p, the upper demand set D;(p) for males is the set of types
of males who weakly prefer to be matched with a female who chooses I = 1.

That is,

Di(p) = {xl : max (a’flxl + b]fl’ll + phl ) —p > max (a1 1+ bk1 b bll’0> }
(k1,t1) (k1,l1)

(2.4.13)

Similarly, the upper demand set for females is the set of types of females

who weakly prefer Iy =1 over I, = 0.
Ds(p) = {xz max <a2 T + b > +p> max <a§2x + bk2’0>} (2.4.14)
2

The lower demand set for males D,(p) and the lower demand set for
females D,(p) is defined analogously using strict inequalities in (2.4.13) and

(2.4.14). A demand set for males is any set D;(p) such that

o

D,(p) € Di(p) € Di(p) (2.4.15)

Similarly, a demand set for females is any set Do(p) such that

S

D,(p) € Da(p) € D2(p) (2.4.16)

To define the equilibrium, I use the concept of demand correspondences®?.

The demand correspondence for males d;(p) is defined as

di(p) = [p1 (Dy(p)), 11 (Di(p))] (2.4.17)

and the demand correspondence for females dy(p) is defined as

da(p) = [p2 (Dy(p)) , 2 (D2(p))] (2.4.18)

Now, I define equilibrium in the market as follows.

32For any transfer p the demand correspondence for males is the interval of measures of
male demand sets D;(p) that satisfy 2.4.15.
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Definition 2.4.1 FEquilibrium of the marriage market is defined as
1. a transfer D from a male to his female partner®® if she chooses ly = 1,

2. the male and female demand sets D1(p) and Dy(p) that satisfy (2.4.15)
and (2.4.16),

3. the optimal choices ki(x1),11(z1), and I7(z1) of males of types x, €
[0,9,], and the optimal choices /k\ig(l’g) and 2\2(1‘2) of females of types
To € [0,52]

such that the demand sets D1(p) and Dy(p) have a common measure.

p1(D1(p)) = p2(D2(p)) (2.4.19)

Note that (2.4.19) is possible only if

d1(p) Ndz(p) # 0 (2.4.20)

The demand sets D;(p) and Dy(p) generate the equilibrium matching func-
tion. In the equilibrium males of type x; € D;(p) are matched in any one-to-
one fashion to females of type x5 € Dy(p). Similarly, males of type x; ¢ D1 (p)
are matched in any one-to-one fashion to females of type xo & Ds(p).

Now that the equilibrium and each of its components have been defined, I
am able to give a step by step process that describes informally the construc-
tion of the equilibrium. First, I construct demand correspondences d; (p) and

ds(p) for p € (—o0,00). Given dy(p) and ds(p), I find a transfer p and con-
struct the sets D;(p) and Ds(p) such that (2.4.20) holds. Given p, I find the

~
m

optimal choices k;(21), 11 (z1), ['(21) of males of types z; € [0,7;], and the
optimal choices Eg(asg) and ZAQ(xg) of females of types x5 € [0, 7).
In the next section, I provide details of a general construction of equilib-

rium in the case of complementary choices.

33The transfer can be either positive or negative.
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Complementary Choices

In this section I assume that parameters of the surplus function 2.4.4 satisfy
the properties 2.4.7 — 2.4.12.

In order to derive the demand correspondences, I need to derive the upper
and lower demand sets. In order to do so, I need to construct the optimal
choices of the females of different types. I begin by deriving a female’s optimal
choice of education ks, given her type x5 and choice l,. If a female of type
x5 chooses [ = 0, then the choice ky = 0 gives her a higher utility than the
choice ky = 1 if

aSzy + 090 > alwy + by° (2.4.21)

Similarly, for I = 1, the optimal choice is ky = 0 if
aSzy + b1 > adzy + by' (2.4.22)

The optimal choice of k; conditional on 1§ and z, (denoted as ks(I%, 25)) can

0,1 ;1,1
be derived from 2.4.21 and 2.4.22. In order to do so, let?* :Elg = bill,Z% and
2 2
0,0 ;1,0 -
xh = anl—Z% . The function k;g(lg , T9) is illustrated in Figure 2.4.1. Whenever
2 2

) $0:0_pL,0
a female whose type is less than 2 = -—%- chooses to marry early, the
2 2

female also chooses low education. Whenever a female whose type is less than

p01_p1i1 .
7 = 2—2— chooses to marry late, the female also chooses low education.
2 2
k‘g‘ - k2‘ ~
k2(0, z2) ka(1,22)
1+ 1
0 ‘l - 0 ; | .
T Ty T T4 Ty X

Figure 2.4.1 A female’s optimal choice Eg, given her choice lo and her type 5.

34Note, that from 2.4.8 and 2.4.10 it follows that 2% > x}
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Now I can find the optimal choices %2 and ZAQ of a female of type xo. If
1y < 25 and Iy = 0 then ks = 0 and her utility is us = adzy + b0, If
1y < o4 and Iy = 1 then /k'\g = 0 and her utility is uy = a9z, + bg’l + p.
Therefore, the female of type x5 < 24 chooses I, = 1 whenever p > by” — by,
Similarly, if zy € [z}, %] then the female chooses l; = 1 whenever p >
(b5 — b5") — (ad — a)zs, and, if 25 > 25, then the female chooses I, = 1
whenever p > b;’o — bé’l. For any transfer p, Figure 2.4.2 illustrates the set of
females’ types x5 who choose [, = 1 as well as the upper and lower demand

sets for females Dy(p) and D, (p).

X2

r
.’[72 —

Ty |

1,0 1,1 0,0 ;0,1
by — by by — by

Figure 2.4.2 The dashed region and its boundary show the set of pairs (p,z2) such that,
given transfer p, the type xo female weakly prefers lo =1 over lo = 0. The upper demand
set Do(p) is the set of types xo for which (p,x3) belongs to either the interior or the
boundary of the dashed region and the lower demand set D,(p) is the set of types xo for

which (p,x2) belongs to the interior of the dashed region.

For each p, the measures of the lower and upper demand sets for females
determine the demand correspondence for females dy(p). The demand corre-

spondence for females da(p) is shown in Figure 2.4.3.
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(75 I

po (5. 3a]) |-

|
|
|
|
|
1

1,0 1,1 0,0 10,1
by — b, by — by p
Figure 2.4.3 Demand correspondence for females

In a similar fashion I derive the demand correspondence for males d;(p).

If I let®

Tk1,l5t

B = max [b’fbll + bllv’ﬂ (2.4.24)

and note that the transfer p is subtracted from the utility of a male, then the
utility function of a male is analogous to the utility function of a female used
in the previous construction. Therefore, the optimal choices, the demand
sets, and the demand correspondence for males can be derived analogously
to how it has been done for females. The males’ optimal choice ki (12", ;)
conditional on choice I5* and type z; is illustrated in Figure 2.4.4.

A A

~ ~

k1(0,$1) k1(1,$1)
1

0 | - 0 | >~
'
ig] Ty I T i)

Figure 2.4.4 A male’s optimal choice El, given his choice I3 and his type x1.

35Note, that from 2.4.9 and 2.4.11 it follows that

Fhl 4 300 5 Lo | 30 (2.4.23)
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30,0_71,0

. . 50—
In the picture, whenever a male whose types is less than 27 = -.—14— chooses
1 1

partner who marries early, the male also chooses low education. Whenever
. . 70.1_3L1 .

a male whose type is less than 27 = -.r—4— chooses a partner who marries

1 1

late, the male also chooses low education. (Note, that from 2.4.7 and 2.4.23
it follows that 27 > 2t). The upper and lower demand sets D;(p) and D, (p)

for males are illustrated in Figure 2.4.5.

A

|
|
I
I
. |
|
I
L1

p

70,1 30,0 31,1 71,0
by — by by — by

Figure 2.4.5 The dashed region and its boundary show the set of pairs (p,x1) such that,
given transfer p, the type x1 male weakly prefers to be matched with a female who chooses
ly = 1. The upper demand set D1(p) is the set of types x1 for which (p, 1) belongs either
to the interior or the boundary of the dashed region and the lower demand set D,(p) is

the set of types x1 for which (p,x1) belongs to the interior of the dashed region.

Using the upper and lower demand sets D; and D, (p) I derive the demand
correspondence d;(p) which is illustrated in Figure 2.4.6.

Figure 2.4.6 Demand correspondence for females
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Now I construct the equilibrium of the model. The equilibrium transfer,
optimal decisions, and corresponding matching can be found by following the

steps below.

1. Find the transfer p at which the demand correspondences intersect.
The transfer p is the equilibrium transfer and m € d;(p) N dy(p) is the

measure of couples who choose 5 = 1 when matched.

2. Using p, m, and Figures 2.4.2 and 2.4.5, derive which types of females
and males choose Iy = 1 and [5* = 1 and derive the demand sets D;(D)

and Ds(p).

3. Using Tz, T;”, and Figures 2.4.1 and 2.4.4, derive the females’” and males’

optimal choices Eg and //;1.

4. Finally, using /151, Tg”b derive the males’ optimal choice 2\1 from the fol-
lowing equation

1) = arg max [b%l’ll + bll’l?”} (2.4.25)
1

The qualitative nature of the equilibrium depends on the form of the
intersection of the demand correspondences d;(p) and ds(p) and on the so-
lution of 2.4.25. 1 describe two “interesting” cases. In each case, the set of
types of males and the set of types of females are partitioned into two sub-
sets: a subset of low-type individuals and a subset of high-type individuals.
The low-type individuals choose low level of education while the high-type
individuals choose high level of education. In the first case, the matched
partners have the same level of education and choose the same age to marry.
In the second case, partners may have different levels of education and have
different age. Note, that in the second case the equilibrium has a natural

interpretation as a steady state in the multi-period setting.
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Generally, there are several forms that the intersection of the demand
correspondences may take. I provide the context for two cases. The first
case occur when the demand correspondences intersect as shown in Figure
2.4.7 and3®

0,0 0,0 > 0,1 1,0
{m + %9 >0 +b (2.4.26)

byt + bl > by 4 b1

Intersection of the demand

correspondences for males and females
A

da(p)

|

D p

Figure 2.4.7 This picture illustrates the case for which the equilibrium transfer p belongs
to the interval (by® — by, b3° — b3 N (52’1 7,5?707,5%’1 - 5}’0) in which the demand cor-
respondence for females is strictly increasing and the demand correspondence for males is

strictly decreasing.

To describe the equilibrium I follow the four steps outlined above. From
the intersection of demand correspondences I find the transfer p and the
measure of couples m in which the female marries late. Using Figure 2.4.3, 1
find that p € (by” — by, by” —by'). Using Figure 2.4.2, 1 find that females of
types [0, 73] choose 2\2 = 0 and females of types [T3, 9] choose /l\g = 1, where
T3 € (o), %) and pe([Tz,92]) = M. Using the left panel of Figure 2.4.1, I find
that the optimal choice of education of a female of type x5 € [0, 73] is %2 =0
and, using the right panel of Figure 2.4.1, I find that the optimal choice of

education of a female of type x5 € [T, J]is Ky = 1. Analogously, I construct

36 This condition determines the males’ optimal choice I;
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the male optimal choices of [5* and ky. The male optimal choice of [; is found
from equation 2.4.25
The equilibrium is illustrated in Figure 2.4.8.

N 191 52

het T T
=1 >

Ty | N 7))
k=0 k=0
l1=0 lo=0
p=o L €
0 0

Figure 2.4.8 In the pictures T; and Ty are such that pi([0,Z1]) = p2([0,Z2]) = m.
Arrows indicate matched sets and choices are indicated beside each set. Low-type males,
x1 € [0,Z1], are matched in any one-to-one fashion to low-type females xo € [0,T2] and
high-type males, x1 € [Z1,V1], are matched in any one-to-one fashion to high-type females

To € [fg, 192] .

The second case under consideration occurs when the demand correspon-

dences intersect as illustrated in the following picture

Intersection of the demand
. correspondences for males and females

di(p) da(p)

D p
Figure 2.4.9 This picture illustrates the case for which the equilibrium transfer is p =
g%’l — ’5;,0. The demand correspondence for females is strictly increasing at p and the

demand correspondence for males is vertical at p.
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In this case, following the four steps outlined above leads to the equilibrium
0,0 0,1
by” 4+ b6%0 > b+ b1O

illustrated in Figure 2.4.10 when { bi’l LS bi’o Lo

period t — 1 period ¢

191 192 191 192
k=1 -1 T -1 -1 ~
1 k2 =1
h=1 o D b1
17 € {0,1} \ T T om (2T

] ]

k’l = EQ =0
1 =0 lo=0
-
m= 1 1 L L

0 0 0 0

Figure 2.4.10 The agents of types shown on the left side of the picture enter the marriage
market in period t — 1 and the agents of types shown on the right side of the picture enter
the marriage market in period t. In the picture, Ty is such that us([0,T2]) = m. Arrows
indicate matched sets and choices are indicated beside each set. In the example, some
of the high-type males who obtain high education and choose to marry late are matched
to low-type females who obtain low education and choose to marry early. In this type of
marriage males enter the marriage market in period t — 1 and wait until period t to match

with a female partner.

Comparative Statics

I now use the analytical description of the equilibrium to show how a change
in the parameters of the marriage market model affects the equilibrium. I
provide only one example that shows how a change in the females’ value of
the high level of education, ad, affects (i) the choices of education and age to
marry and (ii) transfers in the matched couples. I describe how the equilib-

rium changes as a} increases. A small difference between the coefficients a}
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and a9 can be interpreted, for example, as existence of barriers for females
to obtain high-level job positions. The difference aj — a) can be measured as
the effect of females’ education on their wages.

. From the construction of the equilibrium we can see that a change in a3

effects only the cut-offs

0,1 1,1 0,0 1,0
L by by r by by
Ty=— 3o andry =g
ay — Gz ay — G

for females constructed on page 42. As a) increases the female demand

correspondence shifts as illustrated below.

T
L0 41,1 0,0 _ ;0,1
by” — b5 by — by p

If a} is close to a9, the intersection of demand correspondences is as
shown in Figure 2.4.9. Figure 2.4.10 illustrates the equilibrium in the market
in this case. In this case, the cutoff that separates females by age of marriage
(denoted by 73) is close to or equal to ¥5. Therefore, the measure of the set of
females of types o > T3 who marry late and obtain a high level of education
is close or equal to zero. The set of males of types ;1 > 2] who marry late
and obtain a high level of education does not change with a change in al as
long as the demand correspondences intersect as shown in Figure 2.4.9. The
males in the set are indifferent about the age of their partner. Some of them
are matched with females from their own generation and others are matched
with females from a younger generation.

As the value of education for females a} increases, the cutoff that sep-

arates females by age of marriage decreases so that the measure of the set
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of females who marry late and obtain a high level of education increases,
that is, 75 decreases as aj increases. If, after an increase in aj, the demand
correspondences still intersect as shown in Figure 2.4.9, then the transfers
do not change even though some males who formerly matched with females
who marry early now match with females who marry late. This is because
the males in any new matches that take place are indifferent among females
who marry late or marry early so that these males do not obtain a higher
transfer for switching from one partner to the other.

As a} increases further, the intersection of demand correspondences be-
comes as shown in Figure 2.4.7. The new equilibrium is shown in Figure 2.4.8.
There are no cross-generation marriages in the new equilibrium and there is
a complete segregation with respect to education level of the partners.

Similarly, I can analyze the effect of changes in other coefficients of the
surplus function (which can be interpreted as education costs, costs of ob-
taining a job, costs of cross-generation marriages, etc.) on the matching

pattern and equilibrium transfers within different types of families.

Non Complementary Choices

Note that matching illustrated in Figures 2.4.8 and 2.4.10 can be naturally
interpreted as assortative matching. In each figure, the set of low type males
is matched to the set of low type females and the set of high type males is
matched to the set of high type females. This result may not be true if the
choices of the individuals are not complementary to each other. Let’s illus-
trate this by example. I assume now that all inequalities 2.4.7 - 2.4.12 hold
except the inequality 2.4.11 so that choices [; and [, are not complementary.

Moreover, I assume that the parameters of the surplus function are such that

g?,o+gi,1 <gi,0+g(1)71 (2.4.27)



CHAPTER 2. N-LATERAL K-DECISION MATCHING MODEL 52

where 31 is defined in 2.4.24. The equilibrium can be derived in a similar
fashion as it is done in the previous example. In particular, it can be shown
that the lower and upper demand sets for males and females are such as
shown in Figure 2.4.11.

\
T2 1 |

l g
! |
|

)
=
)

Figure 2.4.11 The picture illustrates the demand sets for males and females for different
transfers p. The bold lines illustrate how the sets are matched to each other at equilibrium

transfer p.

If the demand correspondence for males is strictly decreasing at the equi-
librium transfer p and the demand correspondence for females is strictly
increasing at the equilibrium transfer p then, under certain conditions on E,

the equilibrium matching is illustrated by the following figure.
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2.5 Conclusion and Extensions

The chapter studies a one-to-...-one N-lateral matching model in which an

agent from a matched group of N people cares about a decision made by the
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group and not about the types of the partners. The chapter focuses on the
case in which there is a continuum of agents in each of the N classes, each
agent is endowed with a multi-dimensional type, and the distribution of types
has a continuous density function. To construct an equilibrium of the model
I solve an associated minimization problem. It is shown that the problem
is convex and the solution of the problem is the equilibrium of the model.
Standard Gauss-Seidel methods can be applied to construct the equilibrium
numerically.

The chapter provides easily verifiable conditions for the uniqueness of the
equilibrium.

Even in the case of bilateral matching, my model introduces an alterna-
tive representation of a standard matching model with no frictions in which
utility is transferrable. In the new representation of the bilateral matching
model an individual looks for a partner to undertake some project k. The
choice of the project and the partner depends on the transfers between the
matched individuals as they decide which project to choose, and does not
depend directly on the type of the partner. In this chapter, I derive the
properties of the equilibrium of the model and show how the equilibrium can
be constructed.

To illustrate the contributions of the model in the bilateral setting, I dis-
cuss in this chapter two applications of the model. In the first application, I
show how the total quantity of public good produced by families depends on
the distribution of income between males and females. The second applica-
tion illustrates how complementarity between the individual choices affects
the matching pattern and shows, for example, how a change in the cost
of education for females affects the education and age of each partner in a

match.
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There is a large variety of extensions of the model, some of which are a
part of my current research. I mention only two.

If you use the model to interpret data on married couples you would nat-
urally assume that there is some random component that affects the choices
of the individuals. There is a natural way to introduce noise in the model.
It can be shown that, in the modified model, the equilibrium has analogous
properties as in the deterministic model and therefore similar tools show how
the equilibrium can be constructed. Alternatively, you can use the determin-
istic model of this chapter to describe data but you may have to assume that
some of the types of agents are not observable.

These and other extensions and applications of the model are a part of

my current research.

2.6 Appendix
2.6.1 Equilibrium and Stable Matching

Proposition 2.3.1
(i) Equilibrium matching and transfers generate a stable matching.

(ii) Any stable matching is generated by some equilibrium matching and

transfers.
Proof.

(i) Suppose that an array of transfers pfw and corresponding demand sets
describe an equilibrium of the model. Then, by definition of the demand

set, an agent in class n of type x,, obtains a transfer

po(Tn) = rgaox [ab @, + Pl o] (2.6.1)
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(i)

Equation 2.6.1 implies that for any decision k
an(xn) > Z [akz, + Pl o] = Z atr, + af (2.6.2)

and, therefore, condition 2.3.14 of Definition 2.3.2 holds. On the other
hand, if agents of types (x1,ma(x1),...,my(x1)) are matched into a
group then, by definition of the equilibrium matching, they all choose

the same decision k and this decision maximizes their utility. That is
Pa(mn(21)) = agma(z1) + P g (2.6.3)
Therefore, condition 2.3.15 of Definition 2.3.2 holds.

Suppose that functions (ms(-),...,my(+)) and corresponding transfers
pn(T,), n =1,..., N describe a stable matching. For each n and k let
X denote the set of types of agents in class n that belong to a matched
group of types for whom decision £ maximizes the match surplus. First,

I show that, for any n, k and z,, € X*, the transfer function p,(x,) is

Pu(n) = apwn + 1l g (2.6.4)

where (pf;,o) is some array of parameters. Suppose that, for some n, k,

and z,, € X*, 2.6.4 does not hold, or, equivalently, function p,(z,) —

k

a, Ty is not constant on X,lf. Then there exist two points Z, and 7,

such that

(@) — at%, < pu(T,) — a'7, (2.6.5)

Suppose that type T,, agent is matched with the agents of types (71, ..., ZTn).

By Definition 2.3.2 of stable matching (equation 2.3.14), the sum of

transfers of the agents is equal to the surplus, generated by the agents.

> pn(@m) +pu(@Tn) = D b T + dbT, + af (2.6.6)
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From 2.6.5 and 2.6.6 it follows that

> pn(Tm) + pa(@n) < D 0Ty + abE, + af (2.6.7)

m#£n m#n
But the last inequality contradicts condition 2.3.14 in Definition 2.3.2
of the stable matching. To finish the proof I need to show that, for any

n,k,l, and any x, € X¥
aﬁxn + pfio > aflxn + plmo (2.6.8)

Suppose that the inequality does not hold for somen =1,..., N, k,[ =
1,...,K, and x, € XF¥. That is, there exist indices n,k,l and type

T, € XF such that
avT, + Pl o < ahTn + Pl (2.6.9)

Let’s pick some arbitrary vector of types (Z1,...,Tp,...,ZTy) such that
decision [ maximizes the surplus if the types form a match. Let’s con-
sider the vector of types (T1,...,%n,...,Ty) in which type T, is re-
placed by z,. If the types (T1,...,Zn,...,Zy) are matched, then the
surplus generated in the match is at least

W(T1, .o Ty oy TN) > Zafnfm—i—aﬁ@n—i—aé (2.6.10)

m#n

On the other hand, using 2.6.9 and 2.6.10 I obtain that the sum of
transfers of agents of types (Z1,...,Zp,...,Txn) IS

> @b T + Dho) + abTn + Pho < D [ahTm + Do) + ahZn + Dl

m#n m#n

<u(Ty,...,Tp,...,TN)

which contradicts condition 2.3.14 in Definition 2.3.2 of the stable

matching.
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2.6.2 Existence of the Equilibrium
Theorem 2.3.1 The following statements hold.

(i) For any array of transfers py that satisfies the constraints of the problem
2.3.21 and for any partition vector P that satisfies the constraints of
the problem 2.3.18 the value of the dual objective function is greater
or equal to the value of the objective function of the optimal partition

problem, that is W(py) > V(P).

(ii) Suppose that assumption 2.3.1 holds and in each class there is a con-
tinuum of agents endowed with multi-dimensional types and the dis-
tribution of the types has a continuous density function. Then the
optimal array of transfers py generates the partition P of the sets X,
into demand sets D, defined as in 2.3.10, such that W(p,) = V(P).
The partition P is a solution to 2.3.18. The transfers po and the corre-

sponding demand sets DF describe the equilibrium of the model.

(iii) If W(po) > V(P), where y is a solution of 2.3.21 and P is a solution

of 2.3.18 then the equilibrium of the model does not exist.

Proof.
(i) Let pp be an arbitrary array of transfers that satisfies the constraints of
the problem 2.3.21 and let P be an arbitrary set partition vector that
satisfies the constraints of the problem 2.3.18. Then, by definition,

V(P) = Z [Z </Hk akx,, fozn)de,+

k

/H 0 rn(xn)fn(xn)dxn)—i—a'g 3 f1<x1)da;1] (2.6.11)
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By assumption, the transfers pﬁ,o satisfy the constraints of 2.3.21, that
is >, 0k, = af, and mass balance condition holds, [ fi(z1)day =
’ 1
fnk fn(2)dx, for any n. Therefore, if I substitute out the term af fl‘[’f fi(xy)dxy

in 2.6.11 and rearrange the sum, I can rewrite V(P) as

> [Z [ (s o) ot
e YA
/ (an@, + 10 + P ) fn(xn)dxn] (2.6.12)
9,

or, using notation 2.3.6 for p¥(x,) and taking summation with respect

to k inside the integral I can rewrite it as

Z/ ( Dy :En)lnk(a:n)> folzn)dz, — (2.6.13)

n=1...N

where 1y (2,,) is the indicator function of the set II¥. By definition,

the value of the dual objective function is equal to

Z / pn xn) f(x,)dx, (2.6.14)

or, if I take the summation with respect to k inside the integral, we
can rewrite it as

Z/ ( :vn)lm(xn)> folzn)dz,  (2.6.15)

n=1...N

where 1pk(z,,) is the indicator function of the set DF. By definition of
the demand sets, p*(z,,) > pl (x,) for any x,, € D* [ =0,... K. There-

fore, 74 —o. x Pn(@a) 1o (20) = 304 o Ph(%n) Ly (2n). This proves
the first part of the theorem.
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(ii) Suppose that pg is the solution of 2.3.21. If the conditions of the theo-
rem hold then the function W (py) is differentiable at point py and the
explicit expression for the derivative has been derived in section 2.3.4.

It has been shown that

for cach k =1,..., K pn(DF) = pa(DE)  for any n,n  (2.6.16)

where D¥ are the demand sets that correspond to the optimal transfers
Po. Therefore, the demand sets generate a partition P, I1¥ = D* of the
sets X, that satisfies the constraints of the problem 2.3.18. From 2.6.13,
2.6.15, and the fact that II* = DF I obtain that W (o) = V(P). jFrom
part (i) of the lemma it follows immediately that P is the solution of

problem 2.3.18.

Finally, if py is a solution to 2.3.21 then it must satisfy the constraints
of 2.3.21, therefore, the surplus balance condition holds, and the first
order conditions 2.6.16 must hold. The equations 2.6.16 are the mass
balance conditions and, therefore, the transfers py, and the correspond-

ing demand sets D¥ describe the equilibrium of the model.

(iii) Suppose that the equilibrium of the model exists. Let py be the equi-
librium transfers and D¥ be the corresponding demand sets. From the
surplus balance condition it follows that the transfers py satisfy the
constraints of the problem 2.3.21. From the mass balance condition it
follows that the partition P that corresponds to the demand sets DF
satisfies the constraints of problem 2.3.18. From 2.6.13 and 2.6.15 it
follows that W (Do) = V (P).

Theorem 2.8.2 Equilibrium of M always exists.
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Proof. In Proposition 2.3.2 T have shown existence of the equilibrium
in the case that Assumption 2.3.1 holds. Now I show that the equilibrium
of M} exists for an arbitrary array a®. Suppose that af is some arbitrary
array of parameters of the model and {an’ U )}jzo’lygw' is a sequence of arrays

of parameters of the model such that for each 7 Assumption 2.3.1 holds for

k,(7) k,(7)

the array a, "’ and an'”’ — a® for any n and k as j — oo. By Proposition

2.3.2, there exists an equilibrium, described by an array of prices ﬁf;(j ) and

k,(7)

corresponding demand sets Dy, in the model with parameters ab? | With-

~k,(5) and

out loss of generality, I assume that for each n and k£ the sequences py’
[Ln(D 0) ) converge®”. Let p* and pF denote the limits of the sequences.
The transfers p* generate the upper demand sets 52 as described in 2.3.8.
Since the distribution p, has a continuous density function then for any pair
of decisions (k,[) either EZ = Efz or ,un(ﬁfl N E;) = 0. The case EZ = Efz

occurs whenever a¥

{l-b’“:ﬁ}

=al and p*¥ = p'. Let K(k) denote the set of decisions

Let D’C(k = U K( k) ) and suppose that z,, belongs to the interior of
the set En. Then, by definition of the upper demand set, a*z,, +pF > al z,, +

Pl for any [ ¢ K(k). Therefore, if j is large enough, then a"’ Pl >

T, =+ Pn
abz, + pn? for any | ¢ K(k). The last inequality implies that z,, belongs
to the interior of DN®) for j large enough. Analogously, if z, belongs to
the interior of the complement of EI:L then z,, belongs to the interior of the

complement of the set DE®U) - Since measure [y 1S continuous the measure

of the boundary of the set Eﬁ is zero. Therefore,

= > (2.6.17)

1ek (k)

37If the sequence does not converge for some n and k I can always choose a converging
subsequence.
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The demand sets D! are constructed now as follows. For each subset of in-

dices K(k) of the set of indices {0, 1,..., K'} I construct an arbitrary partition

of the set Ei into measurable subsets D!, | € K(k) such that u, (D) = pul.

It is straightforward to show now that the array of prices p¥ and demand
k

sets D! describe the equilibrium of the model with parameters a®.

2.6.3 Eigenvectors of ,(p,o) when Eigenvalue is Zero

Lemma 2.3.2 Vectors v,,;, 1 = 1...7 are eigenvectors that correspond to

the eigenvalue of zero of €2,,.

Proof. I need to show that for any row k the following equality holds:

Zz ywitl o= 0. Tt follows from the definition of vector v}, ; that

K
E k:l l E

n nz_ w
=1

=

So it is sufficient to show that ZleI wkt. Consider, first, k & I,,;.
any row k any column [ for which w* # 0 must be adjacent to k and,
therefore, k and [ must belong to a common set I, ; for some j. Consider I, ;
in 2.3.27.

If k ¢ I,,; then k is not adjacent to any | € I,,;. Therefore, wk' = 0 for
any k ¢ I,,;,l € I,,; and ZZGI ,wkl =0 for any k ¢ I,,;.

If k € I,; then k is not adjacent to any [ ¢ I, ;. Therefore, w = 0 for
any k € I,,;, l ¢ I,,; and

K

Kl _ kl

2w =D
=1

€T

for any k € I,;. By 2.3.26 T obtain S5 WM =0. m
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Lemma 2.3.3 Let matrix (2, be given by formula 2.3.26. Then the
vectors, defined by 2.3.27, form a basis of the space of eigenvectors that

correspond to the eigenvalue of zero.

Proof. Let v be such that 2,v = 0. To show that v can be represented

as a linear combination of v, ;, © = 1...7n vectors it is sufficient to show that

k1

v = for any k,l € I,;. Let v = maxjez, , v/
¢From the formula of the second derivative 2.3.26 I obtain wff = — D itk whik,
For any k ¢ I,; column k is not connected to k; and, therefore, Wk =
0. Thus the equality can be rewritten as wf* = —> 7wk Since
kk
—whik 2326 rhik >0 and v* > o* for any k € I,,; and k # kjl obtain
Witk > ki, k
k;ﬂ;lw (2.6.18)
kK

and the inequality is strict if v¥1 > v* for some k # k; such that —w®* > 0.
On the other hand, since 2,v = 0 inequality 2.6.18 must be an equality.
Therefore v* = v* for any k such that wf¥ > 0. This proves that v* = v*
for any column £ adjacent to k;. Applying the same argument to any column
k adjacent to ki I can show that v! = v* for any column [ adjacent to k since
V¥ = maxjez,, v/. But then it must be true that ' = v* for any column

l € I,,; connected to k. =

2.6.4 Uniqueness of the Equilibrium

Lemma 2.3./ Suppose that py and py are two equilibrium transfer matrices

and k and [ are two decisions that are connected in Q,,(p, ) at transfers p,, .

ok ~k Al ~i
Then Pno = Pno = Pno — Pno-

Proof. If pg and py are two equilibrium transfer matrices then they are so-
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lutions to the minimization problem 2.3.21 and W (py) = W (po). Moreover,
by convexity of W (pg), any transfer matrix ph = po+¢ (Do — Do), t € [0, 1] is
a solution to 2.3.21 and the function s (¢) = W (pf) is constant for ¢ € [0, 1].
Therefore the second derivative of s (t) is zero.

I now find the second derivative of s (t). By 2.3.19 W (ph) = >, Wi, (p.0)-
By 2.3.26 the second derivative of W, (pf, o) is Q, (pf, o). Therefore, the sec-

ond derivative of s () is

Bs(t) S~ o S
dt2 - Z (pm,() - pm,()) Qm (pm,O) (pm,O - pm,O) (2619)
m=1

Therefore, since each function W, (py, o) is convex (Proposition 2.3.3) the

d?s(t)

second derivative == = 0 only if (p,0 — ﬁmo)T Qrn (pi%o) (Pmo — Pmo) =0

for each m and ¢ € [0, 1]. In particular, if I take m =n

(ﬁn,o - ﬁn,O)T Qn (pz,(]) (ﬁn,o - 571,0) = 0

where superscript 7" denotes transposition. Therefore, either p,, o — pno =0
O Dno — Pn,o 1S an eigenvector of €, (pfw) that corresponds to the eigenvalue
of zero for any ¢ € [0, 1].

In the first case we are done. In the second case p,, o — pn o is eigenvector
of Q, (pf%o) lizo = 2, (Pno) that corresponds to the eigenvalue of zero. By
corollary 2.3.1, I obtain ]’0’;70 — ]57;70 = ﬁn,o_ ﬁimo = 0 for any connected decisions

k.l € KT (po). This proves the lemma. m

Lemma 2.3.5 Suppose that measure p,, has a continuous density func-
tion f, (z). If a set of agents types Y € X,, is connected®® with respect to
pin and decisions k and [ are such that p,,(Y N DF) > 0 and p,(Y N D) >0,

38The definition of a set connected with respect to u,, is given on page 31
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where demand sets DF and D!, are constructed for some transfer vector p;, g,

then decisions k and [ are connected® in Q,, (p,o) at transfers p, .

Proof. Suppose that decisions k£ and [ are not connected. By definition,
TET 2226 —w:’? = 0 for any decision k that is connected to k and any decision I
that is not connected to k. From Definition 2.3.25 of TEZNI obtain f, (z,) =0
for any z,, € F? since f, (z,) is continuous.

Define the set Y* € Y as the set of agents types in the set Y that make
decision k or any decision that is connected to k in €2, (p,0). Let KC* denote
the set of such decisions. Define the set Y! € Y as the set of agents types
in the set Y that make decision [ or any decision that is not connected to
decision k in Q, (p,o). Let K' denote the set of such decisions.

By construction, Y = Y*UY' and the sets A = Y*\9Y* and B = Y'\9Y"
are disjoint (where symbol 0 denotes the boundary of a set). By assumption,

tn (A) >0 and p, (B) > 0. On the other hand,

Y\ (AU B) C Uy TH
lek!
and, therefore, f, (x,) = 0 for any z,, € Y\ (AU B). This contradicts the

assumption that set the Y is connected with respect to y,,. =

Theorem 2.3.3 Suppose that Assumption 2.3.1 holds and in each class
n there is a continuum of agents endowed with multi-dimensional types and
the distribution of types pu, has a continuous density functions f, (x). Then

the following statements are true.

(i) The set of partitions, generated by the set of solutions of the dual

minimization problem 2.3.21, is a singleton.

39See page 29 for the definition of decisions connected in 2, (pno).
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(ii) Suppose that for some n, the set of types X, is connected with respect
to u,. Also suppose that the transfers in the case of decision kq satisfy
Py = Dy for some decision ko € K*(pp). Then pt, = pt, for any

ke K (po).

(iii) For any class n the vector of optimal transfers p,, o is determined uniquely
if the set of types X,, is connected with respect to u, and a positive

measure of agents are unmatched in class n.

Proof.

(i) Suppose that py and py are two solutions of 2.3.21 that generate set
partition vectors P = (731, . ,7/5N> and P = (751, e ,ﬁN>. Suppose
that P #* P so that for some n, there exists a ball Bf in set X, that
has a positive measure and is connected with respect to pu,, and such
that By, € DE for some decision %, where DE is a subset of a partition
P, and B; € D:’i for some decision k # k, where DE is a subset of a

partition 75”

By convexity of W (pg), any transfer matrix py = tpg + (1 — t)pg, t €
[0,1] is a solution to problem 2.3.21 and, therefore, the transfers pf, and
the corresponding demand sets D%* are an equilibrium of the model.
As t goes from zero to one the demand set fo changes continuously.
At t =0 B € D% and at t = 1 BS € DI=Y. Therefore, there
exists a value of t = ty and a decision k # k such that a positive
measure of agents’ types that belong to B;, choose decision k and a
positive measure of agents’ types that belong to B, choose decision k.
By Lemma 2.3.5 the decisions k and m are connected at transfers .

This can be illustrated by the following figure.
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(iii)

n n n

— . —
Po Pro’ Po

t—=0 t = to t — 1

Figure 2.6.1 In the figure any agent in class n of type x,, € Bf, makes decision k
at transfers pg. If the transfers are péo then a positive measure of agents in class
n of types z, € B, make decision k and a positive measure of agents in class n of
types z, € Bf, make decision k. If the transfers are py then agents in class n of

types z,, € B, make decision k.

By Lemma 2.3.4, I obtain @%70 — pfﬁ’ok = ﬁfz,o - pff,’ok. But this implies

that any agent in class n who prefers decision £ to k at transfers pfﬁo
will also prefer decision k to k at transfers pﬁ,o This contradicts the
fact that any agent in class n of type z,, € Bf, most prefers decision k

at transfers p, 0.

By Lemma 2.3.5, if the set X, is connected then any two decisions that
are taken by a positive measure of agents in class n and are connected.
In particular, any such decision is connected to decision ky. By lemma
2.3.4, Ph o — ﬁfﬁo =pky— f)ﬁ?o for any two equilibrium transfers py and

Po. In particular, if 132?0 = 132(7’0 then ]’52,0 = ]372,0.

The transfer for the decision to remain unmatched is always constrained
to be 3, P o = Db o = 5. As above, lemmas 2.3.5 and 2.3.4 imply that

Pho = Pk for any decision k € KT (po).
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2.6.5 Alternative Definition of the Equilibrium

In this section, I consider a matching model which is identical to the model
of section 2.3.1 but in which the definition of equilibrium does not depend on
Assumption 2.3.1. The definition is a natural extension of Definition 2.3.1.
Let’s consider again the matching model of section 2.3.1. Suppose that
the surplus generated in a match is allocated among the matched agents and
the portion of the surplus received by an agent of type x,, is of the form given
in 2.3.6 and 2.3.7. Now, in contrast with the equilibrium definition of section
2.3.2, 1 associate a demand set with each subset of the set of decisions K.
Let 2% denote the set of all subsets of K and let S denote an elements of 2~
Then the demand set associated with a subset S of the set IC is defined as

follows.

n —

DS {xn € X, :pi(xn) > pl(z,) forany k€ Sandl=0,...,K and

P (x,) = pr(z,) for any k. k € s} (2.6.20)

That is, the set D? is the set of types of agents in class n who strictly prefer
a decision k € S to any decision that is not in S and who are indifferent
among the decisions in the set S. Let /%, denote the mass of agents in class
n of type z, € D3 that choose decision k € S. By definition of v, the

collection v, must satisfy

> vh =1 forany S €2~ (2.6.21)
kesS

I define the equilibrium of the model as follows.

Definition 2.6.1 A matrix of transfers pﬁ,o, corresponding demand sets D3 (pn.o),

and a collection v3, is an equilibrium if:
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1. The measure of the agents that choose decision k is the same in each
set X,,. That s, for each k=1,..., K

Z Z,un (DY) v, = Z Z/Lﬁ (D2) v3, for any n and n.

Se2k kes Se2Kk keS
(2.6.22)
2. The sum of transfers to the agents in a matched group equals the con-

stant term in the surplus generated by the group.

foreachk=1,... K prw = ap (2.6.23)

2.6.6 Equivalence of the Equilibrium Concepts

In this section, I show how the equilibrium of the model of section 2.4.2
can be naturally transformed into the equilibrium, introduced in Definition
2.6.1, of the model of section 2.3.1. (Formal proof of the equivalence of the
two equilibrium concepts is beyond the scope of this work). I illustrate the
equivalence of the two equilibrium concepts by considering the two equilib-
rium examples of section 2.4.2, the first example on page 47 (Figures 2.4.7
and 2.4.8) and the second example on page 48 (Figures 2.4.9 and 2.4.10).
To give an equivalent representation of the equilibrium in each of the two
examples, I describe the corresponding transfers pFi+20:2 demand sets D2,
and parameters v2,. Let p denote the equilibrium transfer in each of the two

AN

examples of section 2.4.2 and let p = (0, p). The transfer pis transformed into

k1,k2,l1,
n

k1,ko,l1,la _ pk1sh 11,1 l
{Pl =07t 0 —p®

the following transfers p 2 that correspond to decisions (ky, ko, 1, l2).

2.6.24
p12€1,k‘2,l1,l2 _ b12€2712 + plz ( )

In both examples, there are only two non-empty demand sets D in each

class n = 1,2. Let’s consider the first example (Figures 2.4.7 and 2.4.8). Let



CHAPTER 2. N-LATERAL K-DECISION MATCHING MODEL 69

D¢ and Db, n = 1,2, denote the non-empty demand sets in the example.
The four sets are

D§ = [O,El] D§ = [sz]

D} = [z1, 1] D} = [T, 7]
Let S? and S°, n = 1,2, denote the sets of decisions that correspond to the

demand sets in class n. The sets of decisions are

Sil:{k:k:(kl:OakQ_aHY7llzoal2:0)}
Si’:{k:k:(klzl,kg—any,llzl,lzzl)}

Sy ={k:k= (ki —any,ky =0,l; —any,l = 0)}
ng{k:k:(kl_a‘HYak2:1al1_aHY7l2:1)}

S

The corresponding non-zero®® parameters v, are
St _ S5 _
V1,£k1:o,k2:o,llzo,12:0) =1 V2,£k1:0,k2:0,l1:0,12:0) =
s s
= 1 2 - ]_

1
Vl,(k1=1,k2=1711=1,l2:1) VQ:(k1=17k2=1,11=1,l2=1)

Let’s consider now the second example (Figures 2.4.9 and 2.4.10). Let D2
and D?

o, 1 = 1,2, denote the non-empty demand sets in the example. The

four sets are
D%: [O,Ii] Dg: [Oafz]
D} = [x], 4] D} = [T, V5]

Let S and Sb denote the sets of decisions that correspond to the demand

sets in class n. The sets of decisions are

St ={k:k= (k1 =0,ky —any,l; =0,l, =0)}
St=A{k:k=(k =1,k —any,l; =1,l, —any)}

Sy ={k: k= (ki —any,ky =0,y —any,ly = 0)}
Sy ={k:k=(ki—any, ky=1,I; —any,l = 1)}

The corresponding non-zero parameters v, are
st -1 VSS _ m([0,27])
1,(k1=0,k2=0,11=0,l2=0) 2,(k1=0,k2=0,l1=0,I2=0) p2([0,22])
VS’{ _ #2((0,72]) = ([0,27]) VSS _ #2([0,72])—p ([0,27])
1,(k1=1,k2=0,l1=1,12=0) w1 ([z7,91]) 2,(k1=1,k2=0,l1=1,12=0) p2([0,Z2])
st _ p2([T2,02]) ng —1
1,(k1=1,k2=1,l1=1,l2=1) w1 ([=7,91]) 2,(k1=1,k2=1,l1=1,l2=1)

40For any other decisions in the sets the parameters are zero.
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In both cases it can be directly verified that the demand sets correspond
to the transfers given in 2.6.24 and that the mass balance 2.6.22 condition

holds.



Chapter 3

. K
Extensions of M'y_,

3.1 Introduction

In this Chapter, I extend the N-lateral K-decision matching model introduced
in Chapter 2 in two directions by relaxing some of the restrictions of the model
when N = 2. In each extension of the bilateral model, I consider a bilateral
matching model with K decisions. In the first extension of the bilateral
model, the surplus generated in a match has a more general form than that
considered in the first essay. I derive some sufficient conditions and some
necessary conditions under which there exists an equilibrium matching which
is positive assortative. Specifically, I consider a matching model in which
there are two classes of agents, the types of the agents are one-dimensional,
and the surplus generated in a match has a general form as a function of
the types of the agents and the decision made in the match (in particular, it
may be non-separable in the types of the agents). I show that if (1) for any
decision the types of the agents are complementary to each other and (2)
the type of an agent is complementary to the decisions made in the match,
then there exists an equilibrium matching that is positive assortative. In the
second extension of the bilateral model, the utility of an agent in a match has

a more general form than that considered in the first essay. Specifically, the

71
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utility of an agent in a match depends on his type, the type of his partner,
decision made in the match, and some random component. I show that,
under certain conditions, the equilibrium exists and is unique and I discuss

how the equilibrium can be constructed numerically.

3.2 Assortative Matching

The previous bilateral matching literature offers some sufficient conditions
that guarantee positive assortative matching in equilibrium. In this section,
I provide some necessary conditions that are implied by positive assortative
matching as well as some sufficient conditions that guarantee positive as-
sortative matching in a bilateral matching model that extends the bilateral
model M%_, introduced in chapter 2. Thus, I derive the analogue of results
from the previous bilateral matching literature in the case that the surplus
function depends on the matched types as well as the decision made in the
match.

In contrast with chapter 2, I assume in this section that there are only
N = 2 classes of agents and that the types of the individuals are one-
dimensional. In common with chapter 2, there is a continuum of types of
agents in each class and the agent’s choice of a partner depends on the de-
cision made in the match. I extend the bilateral model by allowing that the
choice of a partner depends also on the types of the matched individuals.

I find that the following conditions are sufficient to imply that positive

assortative matching maximizes the aggregate surplus.
e For each decision the surplus function is supermodular.

e The extra surplus generated by increasing an agent’s type increases in

decisions.
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The first condition can be interpreted as complementarity between the
types of the agents conditional on a given decision. The second condition
can be interpreted as complementarity between the type of an agent and
the decision made in the match. I also provide necessary conditions that are

implied when positive assortative matching maximizes the aggregate surplus.

3.2.1 Model Set-Up

In this section, I describe a bilateral one-to-one matching problem with trans-
ferrable utility and one-dimensional types of agents. Let x € R denote the
type of a male and y € R denote the type of a female. The distribution of
male types is denoted by pux and that of female types by py. A matching
between male and female types is a function m : R — R that satisfies the

following mass balance condition
forany ECR: pi(m (E)) = ux(E) (3.2.1)

Whenever y = m(x) I interpret it as a match between a type x male
and a type y female. If a male of type x is matched to a female of type
y, the pair generates a surplus u(z,y). Results from the standard bilateral
matching literature (for example, [2]) guarantee that equilibrium matching
m(-) can be constructed as a solution of the following planner’s constrained
maximization problem

W = m?§</ u(z, m(x))dp, (x) (3.2.2)
subject to the constraint 3.2.1 on the matching function. Objective function
W is the aggregate surplus generated in all matches.

I consider a surplus function of the form

u(z,y) = maxfu (z. ) (3:2.3)
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That is, the surplus depends in a general way on both the types of the agents
and the decision made in the match.

A matching m(-) is positive assortative if m(-) is a nondecreasing function
of x. In the next two sections I derive sufficient conditions and necessary con-
ditions for positive assortative matching to maximize the aggregate surplus

function.

3.2.2 Sufficient Conditions for Positive Assortative Match-
ing

In this section, I derive sufficient conditions that guarantee that positive
assortative matching maximizes the aggregate surplus. In [2] it is shown
that one such sufficient condition is supermodularity of the surplus function.

A surplus function is supermodular if for any = > 2’ and y” > ¢/

u<x//’ y/l) + u(x/7yl) Z U/(m/l’y/) + u(J./)y/l)

The supermodularity of the functions u* (z,y) does not guarantee super-
modularity of the function u (z,y). To describe sufficient conditions for the
supermodularity of u (x,y) I introduce first the following definitions. Let A

denote the set of pairs (z,y) such that
AM = {(2,y) eR*:u (2,) > ! (z,y)} (3.2.4)

That is, A* is the set of pairs (,y) of agent-types that prefer decision k over
decision [ if matched. The following assumption imposes some regularity

conditions on the sets A,

Assumption 3.2.1 For any x and any pair (k,l) there exists a unique so-

lution y = yr(z) of the equation

uf (z,y) = u! (z,y) (3.2.5)
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For each k and I, the function yg () is a continuous function of x.

The pairs (z, yp(z)) describes the boundary between the sets A and A*.

Lemma provides sufficient conditions for supermodularity of the function

u(z,y).

Lemma 3.2.1 Suppose that Assumption 3.2.1 holds. If for anyk=1... K,
the function u*(x,y) is supermodular and the functions yu(z) are nonin-
creasing in x for all k and 1, then the function u(z,y) = maxk_ u*(x,y)
s supermodular and positive assortative matching maximizes the aggregate

surplus.

The proof is in the Appendix®.

In the case that the components of the surplus function satisfy
ub(x,y) = a¥x + aby + af (3.2.6)

the conditions of Lemma 3.2.1 can be simplified. Each function u*(z,y) is
supermodular since the second partial cross derivative is zero?. Therefore,
the surplus function is supermodular when each function y = yx (), defined
in 3.2.5, is nonincreasing with respect to x. When the surplus functions

satisfy 3.2.6 the equation 3.2.5 is satisfied when

a¥x 4+ asy + af = a\x + aby + dl (3.2.8)

IThe result is proved only for a finite number of decisions. However, it can be easily
extended for the case when k € [k, k]. Suppose that the surplus function is u(z,z2) =
Max; . u(xy, x2, k), where u(xy, 22, k) is continuous in its arguments. The function can
be approximated arbitrary close by a function u"(x1,z2) = maxkex, u(z1, 22, k), where
K, € [k, k] is some finite set of elements. Applying Lemma 3.2.1 to the functions u™ (1, z2)
and taking the limit I can prove the result for the function u(z1, z2).

2A standard sufficient condition for the supermodularity of a surplus function u(z,y)
is

d*u(,y)

>0 3.2.7
dedy — ( )
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From equation 3.2.8 I find

l k l k
= + 3.2.9
ykl(x) a’§ — aéx a/é; — &12 ( )

From 3.2.9 it follows that for any k and [ the functions y(x) are non-
increasing if and only if the following condition is satisfied. For any indices
k>1

a¥>a) and af >d (3.2.10)

Thus, in the case that 3.2.6 holds, positive assortative matching follows
from 3.2.10. When 3.2.6 fails to hold, an analogous result hold if 3.2.10 is

replaced with inequalities of the partial derivatives of u*.

Proposition 3.2.1 Suppose that Assumption 3.2.1 holds. Suppose also that
for each k the function u*(x,y) is supermodular and that for any indices

k>

ou” o' ou” o'
%(x,y) > %(x,y) and a—y(m,y) > a—y(x,y) (3.2.11)

for all x and y. Then the surplus function u(x,y) is supermodular and the

positive assortative matching maximizes the aggregate surplus.

The proof is in the Appendix. Proposition 3.2.1 also follows from the
results in Topkins, D.,; 1998 ([36], chapter 2, Theorem 2.7.6). I interpret
condition 3.2.11 in Proposition 3.2.1 as complementarity between each type
and decisions. More precisely, suppose that an increase in index k =1,..., K
corresponds to some ordering of the set of decisions from low level to high
level decisions. Then condition 3.2.11 means that as the level of decision
increases, the marginal change in surplus that corresponds to a marginal

change in type also increases.
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3.2.3 Necessary Conditions for Positive Assortative Match-
ing

In this section I provide necessary conditions for positive assortative matching
to maximize the aggregate surplus. The conditions demonstrate the idea that
both complementary between types and complementary between each type
and decisions are important in Proposition 3.2.1. I note first that positive
assortative matching may maximize the aggregate surplus even when the
surplus function u(z, y) is submodular at some points (z,y). However, I show
in Lemma 3.2.2 that the surplus maximizing matching is positive assortative
then the surplus function must be supermodular at the points (z,y) such

that y = m(z).

Lemma 3.2.2 Suppose that the measures px and py are continuous and
that the matching y = m (x) mazximizes the aggregate surplus. Suppose fur-
ther that there exists a matched pair 6 = (Z,y) such that § = m(Z and values
r* < T and x° > 7 such that for any v~ € [2%,%) , and zt € (f,aﬂ the

following inequality holds:
w(@™,y™) +u(ety’) <ule”,y) +u(ety) (32.12)

where y~ = m(x~) and y© = m(xz"). Then y = m(x) is not positive

assortative.

The proof is in the Appendix. Next I show that, under some regularity
conditions, if the types are complementary conditional on decisions but the
functions yy, are increasing for all k,l (so that complementarity between
each type and decisions fails), then positive assortative matching does not
maximize the aggregate surplus. First, I impose some regularity conditions

on the surplus functions.
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Assumption 3.2.2 Suppose that the functions u® (z,y) are continuously dif-
ferentiable for each k. Suppose also that for any k and | neither of the fol-

lowing systems has a solution.

k l k a0
u (l‘,y):U ($7y) u (x,y)—u (l’,y)
{ ok (zy) _ oul(zy) or ouk(zy)  oul(zy) (3.2.13)
oz - oz oy - dy

Assumption 3.2.2 rules out the curves y;; that have slope either zero or
infinity at some points so that functions y; similar to those illustrated in

Figure 3.2.1 are not possible.

Y = yri(x)

Y= yri(T)

> T > T

Figure 3.2.1 Ezamples of yri(x) functions that are ruled out by Assumption 3.2.2.

Now I am ready to formulate the result that gives sufficient conditions

when positive assortative matching does not maximize the aggregate surplus.

Proposition 3.2.2 Suppose that Assumption 3.2.2 holds and that the func-
tions yy () are increasing functions of x. Suppose also that the measures
px and py are continuous. Then positive assortative matching y = m (x)
maximizes the aggregate surplus only if a common decision is made by all the

matched pairs.

The proof is in the Appendix.
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3.3 Appendix

3.3.1 Positive Assortative Matching: Sufficient Condi-
tions

Lemma 3.2.1  Suppose that Assumption 3.2.1 holds. If for any k =
1...K, the function u*(x,y) is supermodular and the functions yu(z) are
nonincreasing in x for all k and 1, then the function u(x,y) = maxk_ u*(z,y)
15 supermodular and positive assortative matching maximizes the aggregate

surplus.

Proof. I prove Lemma 3.2.1 by induction. If K = 1 then the result
is obviously true. Suppose that the result is shown for the utility function
u(z,y) = max®_ u¥(z,y) for any K in the range 1,..., K — 1. I show then
that the result is true for K number of decisions. Let’s pick four arbitrary
points ', x”,4y/,y” such that 2”7 > 2’ and y” > v'. I need to show that
u(z”, y") +u(x’,y') > u(a”,y') +u(2’,y”). Let’s consider a square with the

nodes at the points

01 = (xla y/) , 02 = (l‘/) y/,) ,03 = (Iﬂa y”> , 04 = (lﬂv y/>

Let’s also consider the graph of the function yg, (z) for some arbitrary
indices k£ and [. I assume, without loss of generality, that the set A" lies
above the graph of the function gy, (z) and the set A* lies below the graph
of the function yy; (x). Let u_y, (z,y) denote the surplus function in the case

that decision k is not available for a matched pair.

u_ (2,y) = maxu*(z,y)
k+#k

If the function yx () is nonincreasing then all possible intersections of the

graph and the square can be summarized in the following three cases.
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casel:

case2:

the curve yy; (x) does not intersect the square or the curve goes through

either node 0; or node o3. The case is shown in the picture below.

yri () s uF (z,y) = ul(z,y)

It follows from the definition of the set A* that u* (z,y) > u!(x,y)
at points o1, 09,03, and o4. Therefore u (z,y) = u_; (x,y) at all four
points. Since by induction u_;(01)+u_;(03) > u_;(02)+u_;(04) the same

inequality holds for the function u (z,y) : u(oy) +u(o3) > u(os) +u(oy).

the curve yx; (x) intersects either edges 0;09 and 0104 or edges 0,05 and
0304. The graph may intersect the edges at the nodes. The following

pictures demonstrates the case.

Let’s consider the left picture. Since u* (z,y) > u!(z,y) at points

09,03, and o4 I obtain u (x,y) = u_; (z,y) at these three points, that is

u(02) = u_y(02),u(03) = u_y(03), and u(04) = u_;(04). At point oy

I obtain u (01) > u_; (01). It follows from the inequalities that u(o;) +
by induction

u(o3) > u_y(01) + u_;(03) > u_y(09) +u_y(04) = ul(oz) + u(oy4).

The right picture is analyzed similarly.
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case 3: Let’s assume that the curve yy (z) either intersects the edges 0,03 and
0104 or the edges 0109 and 0304. The following pictures illustrates this

case.

v
8

Let’s consider the left picture. Let point og denote the intersection of
the graph yx (z) and the edge 0,03. The point o5 belongs to the edge
0104 and has the same x coordinate as the point og. In the first case I

have shown that

u(01) +u(og) > u (o) + u(os) (3.3.1)
In the second case I have shown that

u(05) +u(o3) > u(og) + u(o4) (3.3.2)
Summing up the inequalities 3.3.1 and 3.3.2 I obtain

u(o1) +u(o3) > u(o2) + u(oy)

Similar argument applies to the right picture. This completes the proof.

Proposition 3.2.1  Suppose that Assumption 3.2.1 holds. Suppose also
that for each k the function u*(x,vy) is supermodular and that for any indices

k>

duF du! du® du’
—(z,y) > —x(%y) and d—y(x,y) > —(z,y) (3.3.3)
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for all x and y. Then the surplus function u(x,y) is supermodular and the

positive assortative matching maximizes the aggregate surplus.
Proof. By definition, the function y(z) is a solution of the equation

(@, () = u' (2, yu(w)) (3.3.4)

Taking derivative of the left- and right-hand sides in 3.3.4 and rearranging

the terms I obtain

k l

Ay d% - dix
= &_ddik <0 (3.3.5)

dy dy

Therefore, the functions yg(z) are nonincreasing.

3.3.2 Positive Assortative Matching: Necessary Con-
ditions

Lemma 3.2.2  Suppose that the measures px and py are continuous and

that the matching y = m (x) mazimizes the aggregate surplus. Suppose fur-

ther that there exists a matched pair 0 = (Z,7y) such that § = m(Z and values

% < & and 2° > T such that for any v~ € [2%,%) , and z+ € (i,xb} the

following inequality holds:
U (a:_, y_) +u (a:+, y+) <u (x_,y+) +u (x+,y_) (3.3.6)

where y~ = m(x~) and y© = m(xz"). Then y = m(x) is not positive

assortative.

Proof. Suppose that matching y = m (x) is positive assortative. With-
out loss of generality, I assume that 2% and 2° are such that uy ([2%, %)) =
px ((2,2°]) > 0. Let y* = m (2*) and y* = m (2*).

I show that the pairs can be rematched so that the total surplus will

strictly increase. Let’s consider the following matching y = m (z). Outside
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the interval [z, 2’| matching function 7 (z) coincides with m (). The in-
terval [z, ) is rematched away from [y®, §) to (7,y’] so that matching m :
[z, %) — (j&,yb] is positive assortative and satisfies the mass balance con-
dition on the interval [z% Z). Finally, I define m () on the interval (i,xb]
by the following formula: m (z) = m (m~'(m(z))). The matching m (z)
is shown with the dashed line in Figure 3.3.1. I know that mapping m (x)
satisfies the mass balance condition and that m (x) is a one-to one mapping
that satisfies mass balance condition on the interval [2% Z). As a result,
m!: (gj, yb] — [2%, Z) is defined properly and satisfies mass balance condi-

tion. The function m (z) : (Z,2°] — [y* §) also has mass balance condition

property as a composition of two functions with this property.

Figure 3.3.1 The positive assortative matching m(z) is shown with a solid line. The
alternative matching function m(z) is shown with the dashed line. Outside the interval

[x“, xb] the two matching functions coincide.

I now show that the matching function m (x) generates a strictly higher
surplus than m (x).

Let for any 2= € [z %) take y~ = m(z7), y©™ = m(z7), and 2t =
m~! (yT). Then from the definition of 7 (x) T obtain m (z*) =m (z7) = y~.

Therefore, from inequality 3.2.12, it follows that

u(z”,m(z7)) +u(z®,m(z?)) <u(z™,m(z7)) +u(zt,m(z?))
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Integrating the inequality from x® to & with respect to measure py I

obtain

T

/;“ (27, m (27)) dpx (27) + /x w(zt,m (%)) dpy (27) <

/ w(a i (o)) dux () +/ w (@i () dpx ()
Next I change the variable and the limits of integration in the second
terms in the left and right hand sides of the inequality. Also from the mass
balance condition I obtain dux (z7) = dux (). After making the changes
I obtain the following inequality.
~ b

/:u(x‘,m(:v_))dﬂx () +/; w(ztm (z%)) duy (z%) <

a

7 b

</:u(x,m(x))dux () +/ w (@i () dpx (o)

a

that is, a strictly higher total surplus is generated with matching function
m (z) than m (x) and therefore m (x) is not maximizing the aggregate surplus.

Proposition 3.2.2  Suppose that Assumption 3.2.2 holds and that the
functions yy (x) are increasing functions of x. Suppose also that the measures
px and py are continuous. Then positive assortative matching y = m (x)
maximizes the aggregate surplus only if a common decision is made by all the

matched pairs.

Proof. Suppose that the matching is positive assortative but not all
matched pairs make a common decision. Then there exists a point 6 = (7, )
such that the matched pairs with types x < = and y < y make decision k
and matched pairs with types x > Z and y > ¢ make decision [ # k in some

neighborhood of the point 0. The point 0 must lie at the intersection of the
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curves y = m (z) and y = yy (x). Figures 3.3.2 and 3.3.3 illustrate the two
general possibilities for the positive assortative matching in the neighborhood

of the point o.

Figure 3.3.2 The matching func- Figure 3.3.3 The matching func-

tion y = m(x) intersects the line tion y = m(z) intersects the line

y = yri(z) from above. y = yu(z) from below

From Figure 3.3.2 we can see that the following inequality holds

2wz 2wy 37
Since (Z,7) lies on the graph y; (z) I obtain u* (z, ) = u' (Z, 7). Therefore,
by Assumption 3.2.2; the inequality 3.3.7 is strict. Since both functions
uf (z,y) and ! (z,y) are continuously differentiable I can choose a small
enough neighborhood N; of the point Z so that the following inequality holds
for any points = < 7 and ™ > 7 that belong to N;.
w27 yt) —ut e yn) (@t yt) — @ty

yt—y- yt—y-

where y~ =m (z7) and y* = m (21). Rearranging the terms I obtain

u® (:v_,y_) + ! (:E+,y+) % (a:_,y+) + ! (x+,y_)

The inequality can be rewritten as
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U (x_, y_) +u (x+, y+) <u (x_,y+) +u (x+,y_)
Therefore, by Lemma 3.2.2, the positive assortative matching function y =
m(z) does not maximize the aggregate surplus.

Analogous arguments can be used to show that positive assortative matching,

illustrated in Figure 3.3.3, does not maximize the aggregate surplus. m

3.4 Stochastic Matching Model

In this chapter, I propose an application of the bilateral model M intro-
duced in chapter 2. As in the standard M} model, the utility to an agent
depends on the match she forms and on the decision taken within the match.
In this section’s model, an idiosyncratic component which is both match and
decision dependent is added to the agent’s utility. This modification is meant
to capture more realistic preferences over both matches and decisions.

After describing the model in section 3.4.1 I show that if the support of
the idiosyncratic shock is unbounded then a unique equilibrium exists in this

model. I also provide a method to compute the equilibrium transfers.

3.4.1 Model Set-Up

Let the set of male types be X; = {z},... 2!}, the set of female types be
X, = {xd, ... 2]}, and the set of decisions be K = {1,..., K}. Note that
unlike the model MJ of chapter 2 I assume a finite number of agents’ types.
Let pup = (pl, ..., ph) and po = (pd, ..., ) denote the distributions of types
of males and females. Whenever decision k is made in a match between a
male of type 2% and a female of type xé, the two agents in the match obtain

the following utilities.
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~k k k k

Uyg; = Urg; — Pij T Mg (3.4.1)

~k k k k

Ui = Ugy; + Dig 1 Moy (3.4.2)
where u’f” and u'gm represent the deterministic components of the agents’

utilities, pj; is a transfer from the male to the female in the match, and 7y ;
and 775,@' are the idiosyncratic components of the agents’ utilities. I assume
that nfij and 77572-]- have continuously differentiable cumulative distribution
functions, denoted by F};;(z) and F;;(2). Moreover, the random variables
775,2'3' are independent for ¢ = 1,2, i € {1,...,1}, j € {1,...,J}, and k €
{1,..., K}. Unmatched males of type ! obtain utility r; and unmatched
females of type :c% obtain utility 7o ;.

I denote the I x J matrix of transfers {p¥;} as p. Let 7{,;(p) denote the
probability that the utility of a male of type z¢ attains its maximum value
when he is matched with a female of type xé and decision k is made in the
match. Analogously, let 7'2’“7274 (p) denote the probability that the utility of
a female of type x} attains its maximum value when she is matched with
a male of type x! and decision k is made in the match. In addition, let
T{)ﬂ-(p) denote the probability that a male of type z} best option is to stay
unmatched. Probability 72%. (p) is defined similarly for female agents. The

equilibrium of the model is defined as follows.

Definition 3.4.1 A matriz of transfers p is an equilibrium if for all i, 7, and

k

it (p) = 1y (p) (3.4.3)

The above notion of equilibrium is analogous to Definition 2.6.1 in chapter

2. Given the transfers p, pj7{;;(p) is the measure of males of type i that
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demand to match with females of type j and to take decision k& within the
match. Similarly, MQTQ% (p) is the measure of females of type j that demand
to match with males of type ¢ and to take decision k within the match.
The usual mass balance condition requires that, in equilibrium, these two
measures are equal. Note that the requirement that every agent makes an

optimal choice is already embedded in the definition of T;ij (p).

3.4.2 Existence and Uniqueness of the Equilibrium

In this section, I derive sufficient conditions for the existence and uniqueness
of the equilibrium. To do so, in the next two lemmas I establish some useful
properties of the probabilities 7/;:(p). The proofs of both results are in the
Appendix.

Lemma 3.4.1 For each i and for any (7, k) # (j, k)

drt,(p)  drfs ()

1,ij
— = 3.4.4
Analogously, for each j and for any (;, E) # (i, k)
dTZI‘“’ij(p) B dT;;j(p) (3.4.5)
dpt dpj; o

Lemma 3.4.2 The functions 7 ,.(p) and Tfm (p) have the following proper-

tJ

ties:
1. 7F;(p) is decreasing in pj; (15:;(p) is increasing in pf;)
2. 10:(p) is increasing in py; (15,(p) is decreasing in pf;)
3. F.(p) is increasing in p% for any (5, k) # (j, k) (15:5(p) is de-

creasing in pg’“] for any (i, k) # (i, k))
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Tk.. Tk-- . ;
4 D5 d#é(p) <0 O+ %ﬁ;p) >0). Moreover, if rt > —oo and
. (¥ 1]
ry > —oo for any i and j, and for any i,j, k and g support of 775717 18

(—00,00), then the inequalities are strict.

In the Appendix, using Lemmas 3.4.1 and 3.4.2 I provide a proof by
construction of the main result that an equilibrium exists and is unique in

this model.

Theorem 3.4.1 Suppose that, for any g,1,j and k, the distributions of 775,13'
are continuous on the support (—oo,00). Also suppose that ri > —oo and
r% > —oo for any i and j. There exists a unique equilibrium of the model.

Moreover, the equilibrium can be constructed as a limit of the sequence
p(nH) = p(n) + A [:u’ille,ij<p(n)) - :ujTQk,ij(p(n))] n=12... (3.4.6)
for some sufficiently small A > 0.

Beyond establishing existence and uniqueness of equilibrium Theorem

3.4.1 also provides a simple method for computing the equilibrium transfers.

3.4.3 Appendix

Next, I formulate some results that complete the proof of the existence and

uniqueness of the equilibrium of the general model in this chapter.
Existence and Uniqueness of the Solution of a System of Nonlinear
Equations

There is an extensive literature on this subject some of which, [26], is men-
tioned in the references. However, none of the results can be applied directly

in this case. Thus, I need to manipulate the proofs in the literature. Below

I provide conditions under which (i) there exists a unique solution of the
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system and (ii) the solution can be obtained as a fixed point of a properly
defined contraction mapping.

The notation, that I use in this subsection, is independent from the nota-
tion in the rest of this paper. The results in this subsection are general and
they are the reformulation of standard results to be applied in this particular

case.

Theorem 3.4.2 Suppose that a vector function hi(p1,...,pn), i =1...n is

continuously differentiable for each 1 and has the following properties.

1. For any i,j and any p

dh;
iz P

‘ (3.4.7)

<0, — >0 for j #1,
dp; dp; dp;

2. There exists a constant A > 0 such that for and any vector p such that

max; | p; |= A there exists index j such that

either  h;(p) <0 and p; >0
or hj(p) >0 andp; <0 (3.4.8)

Then there exists a unique solution of the system of equations

hi(pi,...,pn) =0, i=1,....n (3.4.9)

dh;
dp;

Note: condition > 0 for j # ¢ is not essential but it simplifies the

proof of the theorem.

Let define set S as

S={p:|p| <A foralli} (3.4.10)

and consider the following metric p on R"



CHAPTER 3. EXTENSIONS OF M%_, 91

p(r.p?) = max p pZ@)‘ (3.4.11)

The theorem follows from the following proposition.

Proposition 3.4.1 The transformation T (p) = (71(p), ..., T,(p) defined as

pi+AMhi(p) if —A< pH+A(p) <A
_) A if p+Ahi(p) < —A
() =9 4 i A< ptan) (3.4.12)

is a contraction mapping of the metric space (S, p) into itself for some A > 0.

Proof. By construction, 7 maps S into itself. Transformation 7 is a

composition, 7 = 71 o T2, of two transformations:

T (p) = pi + Mi(p) (3.4.13)

and 7' is a projection on set S, 7;'(p) = max(—A, min(A,p;)). From the
definition of 77 it follows directly that p(7*(p™M), 7 (p®)) < p(pM, p?).
Therefore, to show that 7 is a contraction mapping, it is sufficient to show
that 72 is a contraction mapping.

To show that 72 is a contraction mapping, I need to show that there
exists 0 < a < 1 such that for any p® € S and p® € S the following
inequality holds: p(7?%(p™M), T?(p®)) < ap(pV, p'). Consider

dh; dh;
a=1—Amin — 3.4.14
[ ) >[5 @vu (3.414)
Since ’3—2’(@‘ — D iz ZZ; (ﬁ)‘ > ( for any p € S and set S is a compact I

Zh%' < 0 and
pi

obtain a < 1. Since ZZ; > 0 for j # i I can rewrite 3.4.14
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as a = 1+ Amax;zes Y. 24 (p). 1 can also choose A small enough so that

J dp;
1 + )\maxpes (m > O
Pick some arbitrary points p() € S and p® € S. For any i there exists a

point® p = tp + (1 — t)p® for some ¢ € [0, 1] such that
dh;(p
T2p®) — T2 W) = (b = p") + 23 TO (P =p")  (3415)
j J

which can be rewritten as

122<p<2>>—22<p<1’>|:|(1+ d’;ﬁ)( )“Zdh ("~

JFi

<1+Adh (?) Azdh @>' p(p™M, p®) < ap(p™,p?) (3.4.16)

dpi j#i dp;

and this proves the proposition. =

The proposition shows that 7 (p) is a contraction mapping on (.S, p).
Therefore, there exists a unique fixed point p of the transformation 7. That
is, there exists a unique point in .S such that 7 (p) = p. This, however, does
not prove Theorem 3.4.2 yet. The fixed point p of the transformation 7 can
belong to the boundary of the set S in which case it may not be the fixed
point of the transformation 7'. To prove the theorem it is sufficient to show
that if A is such that condition 3.4.8 of Theorem 3.4.2 holds, then the fixed
point of 7 does not belong to the boundary of the set S.

Proof (of theorem 3.4.2). To prove the theorem it is sufficient to
show that there does not exist p that belongs to the boundary of S and
7 (p) = p. Let p be some arbitrary point on the boundary of S. From the
second condition of the theorem it follows that either there exists 7 such that

hj(p) < 0 and p; > 0 or there exists j such that h;(p) > 0 and p; < 0. Let’s

3This statement is a simple extension of a standard result from calculus.

(1)

)
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assume that h;(p) < 0 and p; > 0 for some j (the other case is considered
analogously). Since 7%(p) = p;+Ah;(p) > p;, we obtain T;(p) = T,' 0T (p) =
min(A, p; + Ah;j(p)) > p;. Therefore, 7 (p) # p. This proves the theorem. =

Existence and Uniqueness of Equilibrium

Lemma 3.4.1 For each i and for any (3, %) # (4, k)

drfi(p) dr* (p)

1,ij
— = 3.4.17
Analogously, for each j and for any (i, E) # (1, k)
k
dTQk,ij(p) _ d7—23j<p) (3.4.18)

@% dpf;

Proof. I prove only equation 3.4.17. Equation 3.4.18 can be proved

analogously. I remind that

k . ~ ~L!
Ty = Pr (“mj > (J",gl)i}((j,k) qu/) (3.4.19)
and
Uy gy = g5 — Dl (3.4.20)

Let’s fix the values of uz for (7, k) # (j, k) and (j, k) # (j, k) and let’s denote
ij

A= max uf (3.4.21)
GR)#GR)
(G.F) (k)

Let’s consider the following sets.

Cty = {Okynty) @y = and @, >A)  (3422)
Cto = {@hynty) @ =@, ad @o>Ab (3423
The sets Cfij and Cfi} are illustrated in the figure below.



CHAPTER 3. EXTENSIONS OF MX_, 04

Let’s now compare the change in the set C’f 5 a8 pfj is increased by some

small € (Figure 3.4.1) with the change in the set CF,. as pi% is decreased by
¢ (Figure 3.4.2).

1,45

,plﬁflﬁ

ij
k
- Py Te

k
Lyij

Figure 3.4.1 The left panel shows ex- Figure 3.4.2 The right panel shows
pansion of the set Cf 5 as pfj increases  contraction of the set Cf)ij as p% de-

by €. creases by €.

By definition,

hy=Pr(Cly)  and  rho=Pr(ct) (3.4.24)

1, 1,ij

As I have shown, the change in the sets Cﬁij and Cf{j’ that corresponds
to the change in p% and p’iij, is the same except the triangle “T” shown in
Figure 3.4.2. But the measure of the triangle “T” is of €? order and can

be ignored. This proves that conditional on the vector of random variables
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<u%:) . - the derivative of Tﬁij with respect to p% is equal to
(GR) A R), (GR) £ )

the derivative of Tfi; with respect to p’f’ij.

dP (q’;”<~)~~ - )
(B £ k), (5.8) A3 k)

k
dpi;
C~ ~ (ui) - - )
’ 7 (Gk)£G k), (G.k)#G k)

dpfj

(3.4.25)

Taking expectation of 3.4.25 with respect to u for all ( J, k) # (4, k) and

(], k) # (7, k) I obtain 3.4.17. This proves the lemma. n

Proposition 3.4.2 The functions 7 ;(p) and 75 ;(p) have the following

properties:

Proof. The proof of Lemma 3.4.1 can be used to show the first three
Tk
properties. The only nontrivial property? is the last one, Z}E Zl—g’ < 0. The
’ P~
ij
inequality can be proved by the following argument. By definition,

ZT p) +ii(p) =1 (3.4.26)

for any p. Taking the derivative of 3.4.26 with respect to pfj I obtain

5 na® i) (3.4.27)

k 2
7 dp; j dp; ¥

But by Lemma 3.4.1

4the property ZZ A dzkl > 0 can be proved by the same argument
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dr* () drk
R ;9’” (3.4.28)
dpij dp=(p)

and, therefore, substituting 3.4.28 into 3.4.27 I obtain

k 0
TE .. Ty .
D s ;l(f) =0 (3.4.29)
oy P
'rk .. . . 7'0 i
and inequality Z}E dl’g < 0 follows from the inequality #,(Cm > 0. Moreover,
o dpk i
.
if for any 4, j and k support of nf,; is (—co, 00), then Z’;ff) > 0. Therefore,
ij

k

S du <0

J.k dp%




Chapter 4

Matching with Coordination
Frictions

4.1 Introduction

A variety of models has been proposed in the literature that analyze the
matches between workers and jobs that take place in the labor market. The
first examples of models which are still used as a standard framework to
describe the labor market are given in [32] (Shapley and Shubik, 1972) and
in [2] (Becker, 1973). In these papers, the labor market is modelled as an
assignment model and the solution of the assignment model is the equilib-
rium in the labor market. The model assumes no frictions in the economy.
Each worker can apply to any job in the economy and there is a centralized
mechanism that assigns workers to jobs.

There are many reasons to believe that these assumptions are not realistic
in practice. The predictions of this frictionless economy that are inconsistent
with empirical evidence are discussed in many papers that study a model with
some coordination frictions in the economy (like [33] (Shi, 2001) or [34],[35]
(Shimer, 1996, 2001). Coordination frictions may result in an inefficient

allocation of workers to firms. That is, in the presence of frictions, there may

97
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be too many applicants at some firms and too few at others. As a result, some
workers are not matched and some vacancies are not filled. In the papers
cited above and in the model of this chapter, there are three different sources
of coordination frictions. First, each worker can apply only to a single firm
in the economy. Therefore, if a worker does not obtain a job at the firm to
which he applied, he stays unmatched as he can not apply to a different firm.
Second, a worker does not observe the types of other workers and, therefore,
can not predict the choices of other workers perfectly. As a result, a firm can
receive too many or too few applications and, ex-post, some workers would
be better off if they had applied to a different firm. Finally, it is assumed
that workers use symmetric strategies so that each worker expects that all
workers of a given type choose a common application strategy. Since workers
can not coordinate their actions there may be too many applications to some
firms and too few to others.

The idea of frictions can be illustrated by the following simple exam-
ple. Let’s assume that there are two identical workers, two identical firms,
and each firm has a single available job vacancy (since workers are identical,
they know each other type and, therefore, there are no frictions related to
imperfect information). Each worker can apply only to a single firm. A co-
ordination mechanism would assign worker one to firm one and worker two
to firm two. In the absence of such coordination, however, worker one does
not know where worker two is applying. Assuming that both workers choose
a common uncoordinated strategy, it can be shown that the equilibrium out-
come is that each worker applies with probability % to each firm. Therefore
there is a 50% chance that both workers would apply to one and the same
firm.

Interest in matching models with coordination frictions has been largely
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motivated by the fact that the models seem to do a better job than those with-
out frictions in describing the facts that are observed in the labor market. The
literature began with the matching models in which workers and firms are
homogeneous [24] (Montgomery, 1991), [7] (Burdett, Shi, and Wright, 2001).
These models have been extended to include heterogeneous one-dimensional
types of firms and workers [35] (Shimer, 2001).

However, the assumption that the types of workers and firms are one-
dimensional makes it impossible in some cases to estimate the labor market
quantitatively. For example, if you model the flows of workers from one
geographic area to another, the assumption of one dimensional types would
be unrealistic (The types must include, at a minimum, the current geographic
location of a worker or a firm). In general, depending on questions being
asked, the types of workers may need to include such characteristics as age,
education, current geographical location, sex, marital status, or residence
status. Likewise, the firms’ types may include a variety of characteristics like

physical capital or geographical location.

I propose a model of a static labor market with coordination frictions, a
finite number of types available for each agent, a general form of heterogeneity
of firms and workers, and a finite number of job positions at each firm.' I not
only assume a general form of heterogeneity of the agents’ types but I also
allow more than one job position at each firm. While a worker’s productivity
is independent of the job the firm’s reserve value for a job depends on the
job. The size of the firms is determined endogenously in the model.?

Methodologically, my approach to the problem differs from that in the

T consider separately two cases, one with a finite number of workers and firms of each
type and the other with a continuum of each.

2Because I assume that the job positions are homogeneous in each firm, the model is
applied only to markets for a specific specialty, like accounting, etc.
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previous literature. In the previous literature, worker types can be ordered
in such a way that lower types are less productive than higher types. This
allows authors to obtain an equilibrium of the Bayesian game analytically.
However, worker types in my model are not assumed to be one dimensional so
that worker types may not be ordered. There is no direct analytic solution.
Instead, I focus on the planner’s optimization problem associated with the
model and derive its properties. I show that the solution of the optimization
problem can be interpreted as the symmetric equilibrium of a Bayesian game
that models the behavior in the labor market. In the cited literature the
focus is on the equilibrium of the model which is shown to coincide with the
planner’s solution. There are two reasons why I solve the model indirectly
by focusing on the planner’s optimization problem instead of the equilibrium

of the model.

1. The planner’s problem is tractable. 1 give conditions under which the
planner’s problem is a concave optimization problem. Although there
is no direct analytical solution, this fact allows me to propose a new
use for standard algorithms in constructing a solution to the planner’s

problem.

2. This approach offers a natural way to construct symmetric equilibria
in a class of Bayesian games for which there are no direct analytical
solutions. The class of Bayesian games that I describe in section 4.3
has other than labor market applications. For example, in section 4.4,
I present a game with imperfect information in which firms choose
simultaneously different markets. If more than one firm enter the same
market the firms compete in Bertrand in this market. The paper shows

how to construct symmetric equilibria in these types of games.
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The approach also allows me to show that certain results of the previ-
ous literature are robust to the extension of the model that I propose. In

particular,

e the equilibrium in the market is constrained efficient (that is, it coin-
cides with the solution of the constrained planner’s optimization prob-

lem).

e Both competition and wages increase in the labor market as the number

of firms increases.?

The paper is organized as follows. In section 4.2, I introduce the model,
denoted by M!, with coordination frictions, with a finite number of agents of
each type and an arbitrary but finite number of jobs at each firm. I show that
the planner’s optimization problem, associated with the model, is a concave
maximization problem.

In section 4.3, I show that M’ can be represented as a Bayesian game.
The solution of the optimization problem associated with M7 coincides with
the symmetric equilibrium of the Bayesian game.

To formulate the model with coordination frictions in the case of a con-
tinuum number of agents, I introduce first in section 4.5 a sequence of ML
models with a special choice of parameters of the models. The model M
with a continuum number of agents is interpreted as a limit of the sequence
ML A formal description of M and its properties is given in section 4.6.
In particular, in section 4.6.4, I show how the optimal flows of workers to
firms can be constructed numerically in the case that there is a single job
position in each firm.

Finally, section 4.7 concludes the paper.

3The wages decrease as the number of workers increases.
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4.2 Discrete Model

In this section, I describe a matching model in which there are coordination
frictions, a finite number of types of each agent, a finite number of workers
and firms, and an arbitrary but finite number of jobs at each firm. I denote

the model by M.

4.2.1 Model Set Up

M is described as follows.

Agents

There aret =1,...,1 workersand m = 1,..., M firms. Let K,, denote
the number of job positions available at firm m and let 7, denote the
firm’s reserve value of job j = 1,..., K, at firm m. Firm m with
job position j fills a job with reserve value rj,, only if the worker’s

productivity at this firm is greater than or equal to 7j,,.

Preferences

Both workers and firms are risk-neutral so that workers maximize ex-
pected wages and firms maximize expected profits. Utility of the agents

is transferrable. The reservation utility of each worker is zero.

Time and uncertainty

There are two periods of time: ¢t = 0 (ez-ante stage) and t = 1 (ez-post
stage). At t = 0, every worker is identical. At ¢ = 1, each worker learns
his type g € {1,...,G}. A worker’s type is randomly and independently
drawn according to a common distribution f = (f1,..., f¢). Let wyp,
denote the productivity of a worker of type g at firm m. I note that it

is possible for wy,, < wg, even though wyy, > wyy,y. Thus, one may
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not be able to rank worker types g according to productivity as any
ranking also depends on m. If there were a continuum of types, then
this inability to rank worker types according to productivity would be
modelled by the existence of multi-dimenional types. Since there is a
finite number of types, the aspect of multi-dimensionality is captured
by the fact that one cannot separate the types into higher and lower
types as we cannot order the types of firms and workers in such a way

that productivity increases in each variable separately.

Application probabilities

Each worker applies only to a single firm. The probability that worker
1 of type g applies to firm m is denoted as pzm. Let p’ = (pgm)" denote
a G x M matrix of application probabilities of worker 7. In this paper,

I consider only symmetric application probabilities

p'=p’ foranyi,j (4.2.1)

Let p = (pgm) denote a common G x M matrix of application proba-

bilities.
Matches in a firm

Suppose that a subset Z,,, of workers of types (g1, ...gr) applies to firm
m and the workers are ordered in such a way that their productivities at
the firm are nondecreasing: wg,;m > Weym = ... = Wy m. Suppose also
that the reserve values 7, of the job vacancies at firm m are ordered
in nonincreasing order: ri,, < 13, < ... < Tk, m. 1 assume that
the most productive worker from the set Z,, is matched with the job
position that has the lowest reserve value, the worker with the second

highest productivity is matched with the job position that has the
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second lowest reserve value, etc. The workers and the job position are
matched in this way until the productivity of the next matched worker
is smaller than the reserve value of the next matched job position.?

The matching is illustrated in Figure 4.2.1.
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job positions job positions

Figure 4.2.1 The reserve values r;,, correspond to the supply of jobs at firm m.
The productivities wg,m of the workers from the set I,, correspond to the demand
for job positions. On the left panel, all workers who apply to firm m are matched
to jobs at the firm. On the right panel, the workers and the firm are matched
up to the point where the lowest reserve value of unfilled job positions exceeds the
highest productivity of unmatched worker. Some workers and jobs in the example

stay unmatched.

Surplus

Let wgy — 7jm denote the surplus generated in a match between a

worker of type ¢ and job j at firm m. Suppose that types of workers

4This is one way for a planner to choose a set of matches to maximize the aggregate
surplus, generated at the firm. What matters is which set of worker types are assigned to
which set of jobs at each firm and not the exact matching of specific workers to specific
jobs within the two sets.
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are g = (g1,...,9r) and worker i of type g; applies to firm m;. Let
m = (my,...,my). Then the surplus generated in firm m, denoted by
Wm(g, m), is the sum of surpluses generated in all the matches in firm
m given the set Z,, of types g; € (¢1,...,9r) for whom m; = m. The
aggregate surplus, denoted by W(g, m), is a sum of surpluses generated

at each firm

W(g,m) = W,(g m) (4.2.2)

Since each worker’s type is randomly and independently drawn accord-
ing to a common distribution f = (fi,..., fa), if each worker i uses a
common G x M matrix p = (p,m) of application probabilities then, the

expected surplus (denoted by W,,(p)) generated at firm m satisfies

Wor(P) = Egum (Won(g:m) | P) (4.23)

where the expectation is taken with respect to realizations of g and
m for a given matrix of application probabilities p. The aggregate

expected surplus (denoted by W (p)) satisfies
W(p) = Egm (W(g.m) | p) (4.2.4)

Solution concept

A solution of the model is a G x M matrix of symmetric application
probabilities p = (pym) that maximizes the expected aggregate surplus
W(p). The optimization problem is described formally in the next
section. In section 4.3, I show that the model can be represented as
a Bayesian game and that the solution of the optimization problem p

can be interpreted as a symmetric equilibrium of the game.
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4.2.2 Optimization Problem

The surplus maximizing application probabilities of workers to jobs are de-
scribed by a G x M matrix p = (pg,) that solves the following optimization

problem

max, W(p)

Pgm = 0

where W(p) = >, W,.(p) is the aggregate expected surplus generated by
all matches in the market. Let p,, = (pim,--.,Pam) denote the application
probabilities of workers of types g = 1,...,G to firm m. Note that W,,(p)
does not depend on the application probabilities to firms other than firm
m. Therefore, at the risk of abusing notation, I write the function W,,(pm)
as a function of the argument p,, only. For different restrictions on the
parameters of the model, I give explicit descriptions of the function W,,(p.,)

in section 4.8.1 in the appendix of the paper.

The following theorem provides sufficient conditions under which the ob-

jective function in 4.2.5 is concave.
Theorem 4.2.1 Suppose that either

(a) Firm m € {1,..M} has a constant reserve value of each job position

(that is, for each m, rjy, =1y, for all j)
or

(b) The productivity of a worker does not depend on the type of the worker
at firmm € {1,..M} (that is, for each m, wg, = wy, for any g)

Then the expected surplus function W (p) is a concave function of a
G x M matriz of application probabilities p on the set of all feasible

matrices of application probabilities.
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The proof of the theorem is given in section 4.8.3 (page 147) in the the
appendix of the paper. The first condition above says, from the point of view
of a firm, jobs are homogeneous since the reserve value is constant across jobs
at any given firm. The second condition above states that, from the point of
view of any particular firm, workers are homogeneous ex post since a worker’s
productivity is constant across worker types at any given firm. Though a
direct analytical solution to the planner’s problem 4.2.5 may not exist in
general, there are standard algorithms which solve the planner’s problem
4.2.5 whenever the objective function is concave. Thus, whenever conditions

(a) or (b) hold, one can obtain the solution to the planner’s problem 4.2.5.

4.3 Matching with Frictions as a Bayesian
Game

In this section, I show that the solution of the optimization problem 4.2.5 is
a symmetric equilibrium of a suitably defined Bayesian game. The Bayesian
game describes a decentralized labor market with coordination frictions. In
the market, the workers choose firms simultaneously and each worker applies
to a single firm. The frictions are modelled by the following three assump-
tions: (1) each worker can send an application only to a single firm, (2)
each worker observes only his own type but not the type of the other work-
ers (“informational frictions”), and (3) in equilibrium, workers of the same
type choose a common strategy (“symmetry frictions”). The Bayesian game,

denoted by G, is described formally as follows.

Players

There are ¢ = 1,..., I players whom we interpret as workers.

State of nature
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Each worker is endowed with a type g € {1,...,G}. The state of
nature is a vector g = (g1,...,97), where g; is a type of worker i.
The probability that state g occurs is Pr(g) = f4, ... fy,, where f =
(f1s---, fc) is some given vector of probabilities (f, >0, >_, f, = 1).

Signal functions

Each worker 7 observes only his own type. That is, the signal function

of worker ¢ is s;(g1,...,91) = gi.
Actions
The set of actions of each worker is {1,..., M}. A choice of action m

by a worker is interpreted as a choice to apply to firm m.

Strategy
A strategy of worker i is a G’ x M matrix p* = (p},,), where p;, is the

probability that worker ¢ of type g applies to firm m.

Solution

In this chapter, I consider only symmetric equilibria of the game®

ﬁ;m = Dym (4.3.1)

That is, I assume that in equilibrium each worker uses a common ap-
plication strategy Dym.
Payofts

Suppose that the state of nature is g = (g1,...,9r) and that worker

7 uses the pure strategy in which worker i applies to firm m; with

5As I show in Theorem 4.3.1, the set of symmetric equilibria of G; can be associated
with the set of solutions of M (a solution of M is defined as a solution of the planner’s
constrained optimization problem 4.2.5).
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probability one. Let m = (mq,....,m;), 8 = (g1, -, Gi1,Git1s-- - GI)
and m_; = (mq,...,m;_1,Mit1,...,my). For each m = 1,..., M, let
Wm(g, m) denote the surplus generated at firm m in the presence of
worker ¢ and, at the risk of abusing notation, let Wrgi(g,i, m_;) denote
the surplus generated at firm m in the absence of worker i (the surplus
is the sum of surpluses generated in all the matches in the firm where

a match is formally defined in section 4.2.1 on page 103). The payoff

of worker i who applies to firm m; is
Thus, worker ¢ receives the portion of the surplus contributed by worker

i.

The previous literature (for example, [27] and [34]) analyzes the Bayesian
game in which (i) a single job position is traded at each market and, there-
fore, each Vickrey mechanism is a second price auction and (ii) the type of
a worker is described by a one-dimensional characteristic. The literature de-
scribes explicetly the symmetric equilibrium and shows that the symmetric
equilibrium of the Bayesian game coincides with the solution of the expected
aggregate surplus maximization problem. In Theorem 4.3.1 I generalize this

result for the case of G; Bayesian game.

Theorem 4.3.1 The set of solutions of the first-order Kuhn-Tucker condi-
tions of the optimization problem 4.2.5 coincides with the set of symmetric

Bayesian equilibria of Gy.

The intuition behind this result is straightforward. The key observation
is that if the Vickrey mechanism is applied at each firm to allocate the sur-

plus generated at the firm, then the expected payoff of each worker equals
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the expected aggregate surplus minus some function that does not depend
on the worker’s application strategy. Therefore, for each worker and for any
given application strategies of the other workers, the worker’s application
strategy maximizes his expected payoff if and only if it maximizes the ex-
pected aggregate surplus. In the Appendix, I provide a rigorous proof of the
result.

Since the inequality constraints of the optimization problem 4.2.5 are
linear, first-order Kuhn-Tucker conditions must be satisfied at any solution

to the optimization problem 4.2.5. This allows me to state Corollary 4.3.1.

Corollary 4.3.1 A solution p to the optimization problem 4.2.5 is a sym-

metric Bayesian equilibrium of Gp.

When W is concave or strictly concave Theorem 4.3.1 allows us to talk
about efficiency and uniqueness of the symmetric Bayesian equilibrium of G;

as stated in the next Corollary.

Corollary 4.3.2 [f the expected aggregate surplus function W (p) is concave
then any symmetric equilibrium of Gr mazximizes W (p). If the function W (p)

18 strictly concave then there exists a unique symmetric equilibrium of Gy.

This generalizes the result in the previous literature that the equilibrium
in the market is constrained efficient when W is concave (that is, it coincides
with the solution of the constrained planner’s optimization problem 4.2.5).

If, instead of defining the surplus to be a function of symmetric application
probabilities, I define the surplus to be a function of asymmetric application
probabilities, then the unconstrained surplus-maximizing profile of applica-
tion probabilities may not be symmetric. (The asymmetric equilibrium of
the Bayesian game models the market in which there are no “symmetry fric-

tions”). In the following simple example, I consider a Bayesian game Gy,
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introduced in this section, in which (i) there are two workers (I = 2) who
are each endowed with a single common type (G = 1), (ii) there are two
identical firms that each have a single job position at zero reservation price,
and (iii) the productivity of a worker at a firm is w = 1. (There are no “in-
formational frictions” in this game since there is only one type of worker). I
compare symmetric and asymmetric equilibria of the game. Let p = (p,1—p)
and q = (¢, 1 — q) denote application strategies of workers one and two and
let Wa¥™(p q) denote the expected aggregate surplus generated by a pair

of strategies p and q. The explicit expression for the expected aggregate

surplus is
I/I/&Syn’l(])7 q) —
pg+(1—=p)(1—¢q)+2p(1—q)+2¢(1 —p)=1+p+q—2pg

The function W2¥™(p, q) is illustrated in the figure below.

Under the symmetry constraint (p = ¢) the function W™ (p, ¢) reduces to
the expected surplus function W(p) as in 4.2.4. That is,

W(p) =1+ 2p—2p
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The pair (p, q) = (%, %) is a saddle point of the function Wa¥™(p, ¢) and p = %
maximizes the function W (p). Function W2¥™(p, ¢) attains its maximum at
two points: (p,q) = (1,0) and (p,q) = (0,1). Since W (p) is strictly concave,
Theorem 4.3.1 implies that (p,q) = (%, %) is the only symmetric equilibrium
of the game G;. Since (p,q) = (1,0) and (p,q) = (0, 1) solve

max, , W*¥™(p, q) 4
3.3
{ p,q € [0,1] (4:3.3)

the two strategies belong to the set of asymmetric equilibria of G; (In the ex-
ample, the set of Bayesian equilibria of G; contains three elements: (3, 1), (1,0),

and (0,1)). The maximum value of W2¥™(p, ¢) (attained at (p,q) = (1,0)
and (p,q) = (0,1)) is larger than the maximum value of W (p) (attained at

P=73)
4.4 An Example

In Section 4.2.1 T interpret p as a G x M matrix of application probabilities
(pgm) that a worker of type g applies to firm m. If the number of workers
who apply to a firm exceeds the number of jobs, then the many-to-one match
is the one (if any) that generates the greatest positive surplus. In order to
illustrate that M has applications outside of labor markets, I now present
an example in which there are two firms and two markets, each of which
contains 1 consumer. Each firm produces 1 indivisible unit of a good that
depends on the firm’s type. Each consumer demands 1 unit whose value
depends on the type of firm that produced the good. In this context, p is
interpreted as a G x M matrix of entrance probabilities (pg,,) that a firm of
type g enters a market m. If two firms enter a market, then the match that
occurs is the one that generates the greater surplus.

The model is described as follows. There are two firms which are identical
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at period t = 0. At period t = 1, the types of the firms are realized. With
probability fr, a firm’s type is low, wy, and with probability fg, the firm’s
type is high, wy. If the firm’s type is wy, then p; denotes the probability that
the firm enters market m; and 1 — p;, denotes the probability that it enters
market ms. If the firm’s type is wy then py denotes the probability that
the firm enters market m; and 1 — py denotes the probability that the firm
enters market mo. The aggregate surplus, generated by a matching function,
equals the sum of surpluses in each market. I assume that the valuation of
a consumer for the good generated by the low type firm is independent of
the market but that the valuation of a consumer for the good generated by
the high type firm may depend on the market. That is, a match between
firm wy, and either market generates the surplus wy; a match between firm
wy and market m; generates the surplus wy and that between firm wy and
market my generates ywy (so that market 1 is identical to market 2 when
v = 1). Therefore, the surplus, generated in market my, is either zero (if it is
not matched with either firm), wy, (if it is matched with a low type of firm),
or wy (if it is matched with one high-type firm). Analogously, the surplus,
generated in market my, is either zero, wy, or ywy. The model is illustrated

by the following picture.
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. t = 0 : ex-ante stage

distribution of types fr H
types @ @ t =1: ex-post stage
J ~
&y 3
application Y _
probabilities br L=pu

markets ‘ .

4.4.1 Optimization Problem

In this example, the expected surplus function, W(p), can be written as

follows.

both workers types are wg

W(p) = fi [P (wu) + 2pa (1 — pu) (L +v)wu + (1 — py)*(ywn)] +

both workers types are wr,

J2 L (wr) + 2p(1 = pr)(2wr) + (1 — pr)*(wr) ]+

one worker type is wy, and the other worker type is wy

2fufr prpa(wa) +pa(l —pr)(wy +wr) + (1 — pa)pr(ywr +wr) + (1 —pu)(1 — pr)(yww )]

or equivalently, using matrix notation,

_ L 2 _
W= (o) (T ) ()

+2(wnff+ fufalon— (v = Dwn), wrff + fufaor ) (];Z > ’

+ [wrf? Fywnfiy + 2wnfofe] (44.1)

If two firms enter a market, then the match that occurs is the one that
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generates the greater surplus. The expected surplus function satisfies the

following two properties.

1. The surplus function W is concave in the matrix of entrance probabil-

ities p ©.

2. If v = 1, then market 1 is identical to market 2 and, in the solution,
the probability that a firm enters a market is % (In general, identical
markets are chosen with equal probabilities by the firms of the same
type in a symmetric equilibrium (see proposition 4.5.1 which is given

below).)

Now, I find the entrance probabilities (py,1 — pr) and (py,1 — py) that
maximize the value of W (p). First, I find the solution of the unconstrained
optimization problem maxp, W (p). Then, I find the conditions under which
the solution of the unconstrained optimization problem satisfies the con-
straints 0 < p;, <1 and 0 < pyg < 1. In the case that the constraints do not
hold, I construct the solution in which one of thhe constraints is binding.

The first order conditions of the optimization problem are

{ fI%IwH + fefulwr — (v = Dwy) = (1 + 7>fI%IWHpH +2frfawrpL
ftwr + fofawe = 2ffwipr + 2fL fawipn

The solution of the system is

1 bk

— 2 fH

PH =35 — (,y - )1+7_2:’7L
1/H

pLZ%Jr(V—l)ﬁ

(4.4.2)

6This follows since the first condition in Theorem 4.2.1 is satisfied whenever there is a
single job position. Also this property can be obtained directly since the second derivative
matrix (the matrix in the quadratic term of 4.4.1) has negative elements on the main
diagonal and positive determinant.
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The probabilities, given in 4.4.2, satisfy the constraints 0 < py < 1 and

0 < pr. <1 whenever

1> 4 (y—1)
g = o RTINS (4.4.3)
273 <oy talv =1y

If the first constraint in 4.4.3 is violated, then py = 0 at the surplus max-
imizing entrance probabilities. If the second constraint in 4.4.3 is violated,

then p; = 1 at the surplus maximizing entrance probabilities.

4.4.2 Matching as a Bayesian Game

In this section, I represent M’ as a Bayesian game and show that the sym-
metric equilibrium of the game coincides with the solution of the optimization
problem of the previous section. The game is described as follows.

There are two players in the game: firm one and firm two. The state of
nature is described by a vector (wq,ws), where wy € {wp,wpy} is the type of
firm one and wy € {wp,wy} is the type of firm two. The type of the firm
is interpreted as the quality of the good sold by the firm (wy, is interpreted
as a low-quality good and wy is interpreted as a high-quality good). Each
firm observes only her own type. That is, the signal function for firm one
is s1(w1,ws) = wp and the signal function for firm two is so(wi,ws) = wo.
The set of actions for firm one and firm two is {my, my}. A firm’s choice of
m;j, j = 1,2 is interpreted as a choice to enter market m;. A good produced
by a low-quality firm is interpreted to be a low-quality good; that produced
by a high-quality firm, a high-quality good.

There is a single consumer in each market who has a perfectly elastic
demand for ¢ = 1 unit of the good. The low-quality good is valued at wy, in

both markets. The high-quality good is valued at wy in market m; and ywgy
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in market mso, where v > 1. If there is only one firm that enters a market,

then the firm obtains the entire value of the good produced. If two firms

of identical types enter a market, then each firm earns zero. If two firms of

different types enter a market, then the low quality firm earns zero and the

high quality firm earns the difference in the values.

The game can be equivalently described by the following diagram (see

chapter 9 in M. Osborn ”An Introduction to game Theory”, 2004 for the

definition and representation of a Bayesian game).

-

fi N

-

fr N

LWL

my ma my mao
f my (0,0) (wr,wr) my | (0,wy —wr) (wr, Ywn) f
L mo (CUL, wL) (07 0) mao (wLa C()H) (07 YWH — CUL) H
2:wL 2:wH
ma mo my mao
fr my | (wg —wr,0) (wi,wr) my (0,0) (Wi, ywr) fu
my | (ywm,wr) | (yws —wr,0) | L (Ywu, W) (0,0)
P Wy

fu

J

fu

/

Now I show that the symmetric equilibrium of the game coincides with

the solution of the optimization problem. Let ps = ((pr, 1 —pr), (P, 1—p))

be a strategy of firm two. Such a choice of py by firm two is interpreted as a

decision to choose actions m; and my with probabilities p; and 1 — py, if its

type is wr; actions my and my, with probabilities py and 1 — py if its type is

wy. Given firm two’s strategy ps and a pure action of firm one of type wy,
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the utility of firm one is

ur(my | wr) = frwp(I —pr) + fawr(l — pr) (4.4.4)

if firm one chooses market m; and

uy(my | wr) = frwrpr + fuwnpn (4.4.5)

if firm one chooses market ms. Firm one of type wy, is indifferent between

the two actions if

Given firm two’s strategy ps and a pure action of firm one of type wpy, the

utility of firm one is

ur(my | wy) = fr[(wer —wr)pr +wu (1 —pr)] + faws(1 —pa)  (4.4.7)

if firm one chooses market m; and

uy(my | wr) = fr [(yws —wr)(1 = pr) + ywupr] + faywnpu (4.4.8)

if firm one chooses market ms. Firm one of type wy is indifferent between

the two actions if

ful@=2pp)wp + (1 = Ywn] + fu [(1 = 2p)wy + (1 — y)pawn] =0
(4.4.9)
Solving the system of two equations 4.4.6 and 4.4.9 I obtain 4.4.2.

4.5 A Sequence of M! Models

In section 4.6, I introduce and analyze model M with a continuum number
of workers and firms. It is natural to formulate M as a limit of a sequence

of models M! with a finite number of agents. In this section, I describe
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element n of the sequence of models {MX, n=1,2, ... 0o} in which there
is (1) a finite fixed number G of worker types, (2) a finite fixed number M
of firm types, (3) a number I = na indicating the total number of workers
(4) a fixed distribution of worker types that randomly determines the type of
each worker, (5) a number n/3,, of firms of each type. In section 4.6.3, I show
that M is naturally interpreted as a limit of the sequence {MI —n =
1,2,...,00} as n goes to infinity.

Note that the following parameters of M! depend on n (the other pa-
rameters are constant and the same as described in the set-up of model M7

in section 4.2.1).
Number of agents

The number of workers is I = na, where « is some constant. At the risk of
abusing notation, I now use index m to denote the type of a firm and I use
index M to denote the number of firm types. The number of firms of type
m is nf,, and the total number of firms is n ) G,,. All firms of type m are
identical. That is, the number of job positions, the reserve values of the job
positions, and the productivity of workers are the same at any two firms of

type m. I assume also that for each m
Tjm = Tm for any j (4.5.1)

so that, by Theorem 4.2.1, the surplus function W (p) associated with M%

Is concave.
Application probabilities

The general matrix of application probabilities associated with the model

M! s of size G x nY., B,. However, Proposition 4.5.1 shows that I can
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restrict the matrix of application probabilities to be symmetric with respect
to the probability that a worker applies to any firm of type m (note that
the proposition requires concavity of the surplus function W (p). That is,
while looking for the surplus maximizing matrix of application probabilities,
Proposition 4.5.1 allows me to restrict to those matrices in which a worker of
type ¢ applies with equal probability to any firm of type m. This simplifies
the analysis and allow me to consider matrices of smaller dimension. Thus,
I need only consider G x M matrices p = (pgm,) such that pg, > 0 and
Y Pgm = 1 where py,, is the probability that a worker of type g applies to
a firm of type m and the probability that a worker of type g applies to a

Pgm

nBm
For each n, the parameters (G, M, o, B, Woms Ty Ky f,pgm) of ML are

specific firm of type m is

independent of n. The model M is illustrated in the following figure.

workers .

distribution of types

lb.?

application 72)
probabilities

Proposition 4.5.1 Let S be a set of firms such that for any m € S there
exist constants Kg ,rs, wys, such that K, = Kg , 1, = g, Wgm = Wys. Then

there exists a surplus-mazimizing matrix of application probabilities such that
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for each g workers of type g apply with equal probabilities to the firms in this
set, that 1s, Pgm = pgs for each firm of type m that belongs to the set S.

Thus, whenever there is a set of firms that are identical from the point
of view of all workers ex ante, there exists a surplus-maximizing probability
matrix in which a worker’s surplus maximizing probability of applying to each
firm in the set is constant across all firms in the set. I give some intuition
in the case that the set of identical firms is the entire set of firms. Recall
that the set of solutions to the optimization problem 4.2.5 is identical to the
set of Bayesian equilibria of the Bayesian game G;. If the firms are identical
from the point of view of all workers ex ante, and all workers apply to each
firm with a common probability then, all workers are indifferent among all
firms so there exists an equilibrium of the Bayesian game G; in which the
probability that a worker applies to a firm is constant across firms. The proof
is in the appendix. Corollary 4.5.1 shows that the description of worker types

should depend only on productivity characteristics.

Corollary 4.5.1 Let S be a set of types of workers such that there exist
constants, Wgy,, such that Wy, = wsm for any worker whose types g belongs
to the set S. Then there exists a surplus-mazximizing matriz of application
probabilities such that for each m the application probability pgm = Dsm S0
that each worker whose type g belongs to the set S applies to firm m with a

common probability.

Thus, whenever there is a set of types of workers for whom the produc-
tivity of the worker depends only on the type of firm and not on the worker’s
type, there exists a surplus-maximizing probability matrix for which the sur-
plus maximizing probability of applying to firm m is constant across all types

of workers in the set. Intuition analogous to that given above can be offered.
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In the literature, it is common for frictions to be introduced in models
with a finite number of types. Generally, if there is a continuum of types,
every agent is different and so different types choose different firms which
implies that there are no frictions. However, in this paper, it is possible
to formulate a model with frictions in which there is a continuum number
of types and agents as a limit of models with frictions in which there is a
finite number of types and agents’. Therefore, coordination frictions can be
naturally defined in a model with a continuum number of types. In the next
section, I show how a model with frictions in which there are a continuum of
workers and firms and a finite number of types can be viewed as a limit of

the sequence M.

4.6 Continuous Model

In this section, I consider a model, denoted by M, in which there is a
continuum of workers of each type and a continuum of firms of each type.
The number of types of workers and firms is finite. The mass of workers
of type g is af, which is denoted by ay,. The mass of firms of type m is
Bm- The masses can be interpreted naturally as the limit of sequences of
normalized masses of the modelM! as n — oo. To see this, normalize the
mass of workers and firms in M of a given type by dividing the number of
workers and firms of each type by n. The number of firms of type m in M’
is deterministic and equal to n(,,. Therefore, the mass of firms of type m is
Bm and the limit is 3, as n — oo. The number R, of workers of type ¢ in
M! is a random variable with expectation nay,. By the law of large numbers;,

as n — 00, the normalized random variable R, converges to its expectation,

I do not consider the model with a continuum number of types in this paper and the
results of this paper do not apply directly to this case.
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ag. Therefore, one can interpret the masses of workers and firms in M as

a limit of normalized masses in MZ.

4.6.1 Model Set Up

There is no ex-ante stage and, therefore, there is no uncertainty about the

workers’ types.

Agents

Worker types are denoted by g € {1,...,G} so that there are G types of
workers. The mass of workers of type g is . Firm types are denoted
by m € {1...M} so that there are M types of firms. The mass of
firms of type m is (,,. Let K,, denote the number of job positions

available at each firm of type m and let r;,, denote the reserve value

1

., 1 assume that

of jobj=1,..., K,, at each firm of type m. As in M
for each m

Tjm = T for any j (4.6.1)

Preferences

As in M, T assume that agents are risk-neutral and that utilities of

the agents are transferrable. Workers have zero reservation utilities.

Flow parameters

I cannot define directly the probability that a worker of type g applies
to a specific firm® of type m in M. Instead, I introduce the following
notion of flows of workers to jobs. Recall that in MZ, we can restrict

the matrix of application probabilities to be symmetric with respect

to the probability that a worker applies to any firm of type m. The

8In ML, the probability that a worker of type g applies to a specific firm of type m is
defined as f;%—:’n In the limit the probability is equal to zero.
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number of workers is a random variable whose expectation is no,. Each
worker of type g applies with probability % to a firm of type m. It is
well known? that as n — oo the distribution of the number of workers
of type g who arrive at a firm of type m converges to the Poisson

distribution with parameter

«
Qgm = B_gpgm (462)

m

Therefore, I assume that, in M, the probability that exactly = &€
{0,1,...} workers of type g apply to a firm of type m is

o= ) (g (46.3)

where the flow parameters g, (parameter g, is the average number
of applications from the workers of type g to a specific firm of type m)

satisfy the constraints'’

Zm 5ngm = 04 for each g
{ qgm => 0 for all g,m (4.6.4)

The constraint 4.6.4 is a mass balance condition. It says that the mass
of workers of type g equals the mass of applications to all the firms
from workers of type g. (This is an analogue of the condition that each

worker applies to a single firm in the discrete case).

Surplus

Pick a firm of type m. Suppose that the number of workers of type g
who apply to this firm of type m is denoted by z,,. Given x,, =

(Zimy - -+, Tem), the surplus function generated at the firm of type

9The result can be found in most probability theory textbooks (see for example, V.
Rotar, ”Probability Theory”, 1997 (chapter 10)).

10The constraints are induced by the constraints on application probabilities pg,,, > 0
and >, pgm =1 in ML,
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m, denoted by W€ (x,,), is the sum of surpluses generated in all the
matches in the firm''. Given x = (xy,...,Xy/), the aggregate surplus,

denoted by WC(X), is the sum of surpluses generated in all the firms
Wex) =D BV (Xm) (4.6.5)

Given specific flow parameters we can take expectations to calculate
the expected surplus generated at each firm of type m and then add
up to obtain the expected aggregate surplus generated by all firms of
each type m = 1,.., M. Let ¢, = (¢im,---,cm) denote the vector of
flow parameters of type g =1, ..., G workers to a firm of type m. Let
q = (gym) denote the G x M matrix of flow parameters. The expected
surplus, denoted by W¢ (q,,), generated at a firm!? of type m is the
expectation of W;(Xm) with respect to the realizations of x,, given
a4 = (ggm)-

Wi (@) = Ex, (Wi(x0) | a) (4.6.6)

An explicit expression of the function W¢ (q,,) is given in section 4.8.1
in the appendix of this paper. Finally, the expected aggregate surplus,
denoted by W¢(q), is the expectation of WC(X) with respect to the

realizations of x given q = (qggm).
We(q) = Ex (WC(X> | q) (4.6.7)

Solution Concept

1 As in MZ, the surplus generated in a match between a worker of type g and job j in
a firm of type m is wgm — rm. The matches in a firm are described in section 4.2.1 on
page 103

12The surplus depends only on the parameters of the flows of workers to firms of type
m and does not depend on the parameters of the flows of workers to firms of other types.
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The solution of the model is an array q = (gg,,) of flow parameters such
that q maximizes the expected aggregate surplus W¢(q). The formal

description of the optimization problem is given in the next section.

4.6.2 Optimization Problem

The surplus maximizing G x M matrix q = (g ) of workers’ flows parameters

is found from the following maximization problem

maxq W(q)

Zm 6mqgm = Oy (468)
qgm = 0

where WC(CI) = Zm BmWr%<qm)

So as to have an idea of what the objective function might look like, I
now give an explicit expression for the expected surplus W¢ (q,,) in the case

that the number of jobs at a firm of type m is K,, = 1 for each m. Let m,,

= () (46.9)

Tims -+ -5 TGm

denote a permutation

such that the productivity of workers of different types at a firm of type m

is ordered as follows
Wrpm = Wagm = v e 2> Wapom = T > o 2 Wam > 0 (4.6.10)

Then with probability (1 —exp(¢y,,.m)) at least one worker with productivity
Wy, m applies to the firm and generates surplus wy, .. With probability
exp(—Guy,m) (1 — €xXp(¢ry,,m)) 10 worker of productivity wy,, . and at least
one worker of productivity wy,, . applies to the firm and the match generates
surplus wy, . In general, whenever ¢ < L the probability that surplus

Wr,mm 18 generated in the firm is exp(—qry,m —- - - = Gry_1om) (1 = €XP(Grypum))-
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Whenever g > L a worker of type wr,,.m never obtains the job position at a

firm of type m. Taking expectation, I obtain

Wi (Am) = Wrpm (1 — exp(qryum)) + @rgom €XP(—Gryem) (1 — €XP(Grypm))
+ oot Wrpm ©XP(— Gy = -+ = Grp_yem) (1 — €XD(Grp,um)) =
(wmmm_wmmm)(1_eXp(_qmmm))+(wmmm_Wﬂz),mm)(1_eXp(_q7r1mm_qTr2mm))

+ oot wapm(1—exp(—Grypm — - — Qupym)) (4.6.11)

4.6.3 Continuous Model as a Limit of a Sequence of
Discrete Models

In Theorem 4.6.1 I show the relationship between the optimization problem
associated with M and that associated with M. Suppose that the surplus
generated at a firm of type m in M! is denoted by wir )(pm) and that in
M is denoted by W¢ (qpm).

Theorem 4.6.1 Suppose that the matriz of application probabilities p in
MI

» and the matriz of flow parameters q in M> satisfy

P
Pgm = a_ng (4612)

g

1. As n — oo, W&n)(pm) — WE (am) and, therefore, w — W¢(q)

where the convergence is pointwise.

2. If W (p) is concave with respect to p for any n then W¢(q) is concave
with respect to q.

The proof can be found in section 4.8.4 in the appendix of the paper.
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4.6.4 Construction of the Optimal Flows in the Case
of a Single Job Position at each Firm (K,, = 1)

By Theorem 4.2.1, the expected aggregate surplus function W™ (p) is con-
cave with respect to p (if K,, = 1 for any m then condition (a) of the
theorem holds). Therefore, by Theorem 4.6.1, the function W¢(q) is also
concave. Thus, a variety of standard methods'® can be applied to construct
the solution of problem 4.6.8. An explicit expression for W¢ (q,,) is given in
4.6.11.

In this section, I apply one such procedure to a modified but equivalent
optimization problem. The procedure has a natural interpretation of an

14 in which firms bid for the flows of the workers.

ascending bid auction
Since the functions WS (q,,) are concave, problem 4.6.8 can be equiva-

lently represented as the following min max problem.

mln [max Z B (WC dm) Z uqqgm> + Z ugag] (4.6.13)

where v = (uy,...,uy) is a vector of lagrange multlphers associated with the
constraints ) BmGgm = @ in 4.6.8.
Let

¢( I}]lfgi Z 5m [WC qm Z UgGgm

The function ¢(u) is a maximum of functlons that are linear with respect

+ Z Uyt (4.6.14)

to u. Therefore, the function ¢(u) is concave. Thus, the constrained min max
problem 4.6.13 can be rewritten as the unconstrained concave minimization
problem

muin o(u) (4.6.15)

13See, for example, Hoang Tuy, ”Convex Analysis and Global Optimization”

4 This is a natural analogue of a similar procedure applied in the case of a frictionless
market which is described by an associated assignment linear optimization problem. See,
for example, [30] and [6]
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In the rest of this section I make the following assumptions.

Assumption 4.6.1
(7) Wgm > T for any g and m
(17) for each m, wgm # wgm for any g#g

Without loss of generality, I also assume that r,, = 0 for all m.

Properties of Function ¢(u)

In this section, I derive some important properties of ¢(u). I use these
properties to prove that, at each iteration, the Auction algorithm, described
in section 4.6.4, produces variables that converge to the surplus-maximizing
matrix of flow parameters q and associated lagrange multipliers .

First, I show that the function ¢(u) is differentiable and derive explicit

expressions for the first derivative of ¢(u).

Lemma 4.6.1 If Assumption 4.6.1 holds then the function W¢ (q.,) is strictly
concave and, therefore, for any vector u = (uy,...,uq) there exists a unique
solution q,, to the optimization problem

max [W%(Qm) - Z Uqqgm
9

qm=>0

+) oy, (4.6.16)
g

By Lemma 4.6.1, the function ¢(u) is differentiable. Let gy, (u) denote the
solution of problem 4.6.16 for a given vector u. Using the Envelope theorem
applied to 4.6.16 I derive the following vector of the partial derivatives of the
function ¢(u).

ng>(u) = Qg — Z ﬁngm(u> (4.6.17)

The next two lemmas establish some properties of the functions gy, (v) and

V,0(u).
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Lemma 4.6.2 The solution qgy,(u) to the optimization problem 4.6.16 has
the following properties.

1. For each g, the function qgm(ui,...,ug) is a non-increasing function
of ug.
2. For each g, the function qgm(u1,...,ug) is a non-decreasing function

of up, for any h # g.

The next lemma follows immediately from Lemma 4.6.2 and equation

4.6.17 for the first derivative of ¢(u).

Lemma 4.6.3 For each g, the partial derivative V,¢(uy, ..., ug) has the

following properties.

1. Vyo(uq,...,uqg) is a non-decreasing function of u.

2. Vyp(uy,...,ug) is a non-increasing function of uy, for any h # g.
Auction Algorithm

Recall that since I have shown that the function W¢(q) is concave there is a
variety of standard methods that can be applied to construct the solution of
the constrained optimization problem 4.6.8. Recall also that the constrained
optimization problem 4.6.8 is equivalent to the unconstrained optimization
problem 4.6.15. I have also shown that the objective function of the un-
constrained optimization problem 4.6.15 satisfies certain properties. These
properties allow me to apply an Auction algorithm to the unconstrained opti-
mization problem 4.6.15. The Auction algorithm constructs numerically the
solution to the the unconstrained optimization problem 4.6.15. By equiva-
lence, the solution is also the solution to the constrained optimization prob-

lem 4.6.8. The Auction algorithm is an example of a Gauss-Seidel method®.

15Some standard references on Gauss-Seidel method are [5] and [25]
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The algorithm has a natural economic interpretation. The procedure de-
scribes an auction in which the firms bid for the flows of workers of different
types by posting the wages they pay to different types of workers. The auc-
tion starts with the auctioneer submitting a 1 x G vector of wages (0, ....,0)
which are then increased gradually during the auction as follows. At zero
wages, the expected positive mass of workers of type g demanded by firms is
larger than the positive mass of workers of type g who desire jobs and so the
auctioneer increases the wages in some way. If only the wage of workers of
type g increase then demand for workers of type g decreases and the demand
for workers of other types increases. The auction stops when there is no
excess demand for any type of workers. Formally, the algorithm is described

as follows.
Algorithm 4.6.1 (Auction Algorithm)

step 1. Start with zero workers’ utilities ug =0 g=1,...,G.

step 2. For given utilities u = (uq, ..., ug), find solution of the optimization
problem 4.6.16. The solution q.,(u) = (qim(0), ..., gem(1)) is inter-
preted as demand of a firm of type m for different types of workers.

step 3. Find index g such that the following inequality holds
> Butgm > ag (4.6.18)

The left-hand side of the equation is interpreted as the aggregate demand
for workers of type g. The right-hand side of the equation is interpreted
as the supply of workers of type g. If no such inequality exists then stop.
If there is at least one such inequality, increase the corresponding value

ug by some small € > 0 and return to step 2.
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Figure 4.6.1 illustrates convergence of the auction algorithm in the case

of two types of workers, g =1, 2.

Uzt Va0

A U
Figure 4.6.1 The figure shows convergence of the algorithm in (ui,us) and (Vi¢, Vao)
coordinates. The algorithm starts at point A where uy = us = 0 and Vi¢ < 0, Voo <
0. By Lemma 4.6.3, as I increase uy the value of Vi¢ increases and the value of Va¢
decreases. I increase uy until Vi¢ = 0. Then I increase ug until Voo = 0. At any stage
of the procedure both V1¢ and V¢ are negative or zero and ui and us are increasing.
However, uy and ua can not be increasing till infinity (if ug — oo then Vg — ag > 0).

Therefore, the procedure converges to the point where Vi¢ = Vo = 0.

Proposition 4.6.1 The Auction algorithm 4.6.1 produces a G x M matriz
(@ym) of demands and a vector of wages U = (Uy, ..., Ug) such that the G x
M matriz (qym) solves the constrained mazimization problem 4.6.8 and the

vector of wages 1s the associated vector of Lagrange multipliers.

4.7 Conclusion and Extensions

The paper studies the problem of constructing the equilibrium flow of workers
to jobs in a model of the labor market with frictions, a finite number of types
available for each agent, a general form of heterogeneity of the agents’ types,
and a finite number of homogeneous job positions at each firm. The problem

of workers’ allocation to jobs in the labor market with frictions is modelled



CHAPTER 4. MATCHING WITH COORDINATION FRICTIONS 133

as a Bayesian game. The paper shows that the the equilibrium flow can
be constructed as a solution of an associated planner’s constrained concave
optimization problem. The paper proposes a new use of standard numerical
procedures in constructing the Bayesian equilibrium of the model.

To summarize, the paper shows how standard numerical procedures can
be used to maximize the surplus of the labour model and do comparative
statics in the labor market with coordination frictions. The next natural
step would be to find some interesting examples, that can be described by
the model, and demonstrate how the techniques actually work. Also to make
comparative statics meaningful we need conditions for the uniqueness of the
equilibrium that are easily verifiable in practice. These are two of the main

priorities in my future research.

Many extensions of the model are natural. I list here only a few of them.
The model describes a static matching model. An important question is
whether the static model is a steady state of some dynamic model of the labor
market. This would make the model more useful for various applications.

Another assumption that I want to relax is that the job positions are
homogeneous in each firm. Because of the assumption, only markets for a
specific specialty can be described by the model. In practice, however, a
firm hires people with different specialties. It is easy to extend the model
set-up to this case but much more difficult to prove that the properties of
the optimization problem hold. (At this moment I also do not know the
counterexamples that show, for instance, that planner’s optimization problem
is not concave).

In the case of a continuum agents of each type and a single job position at
each firm I have shown that stronger properties of the optimization problem

hold. The properties guarantee, for example, that the auction algorithm
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produces the solution of the optimization problem. It would be interesting
to verify whether the properties hold in a more general case.

Finally, the model can also be extended to the non transferable utility
case. It can be shown that the equilibrium outcome can be obtained as a
solution to a system of linear equations. To show how the equilibrium can

be constructed we need to analyze the properties of the system.

4.8 Appendix

4.8.1 Representation of the Objective Function in M’
and M under Different Restrictions on the Pa-

rameters of the Models

In this section, I give an explicit description of W,,,(p,,) and W¢ (q,,) func-

tions under different restrictions on the parameters in M’ and M.
Description of W,,(p,,) in M’

Recall the definition of the function W,,(p,,) in M. First, each worker i
draws randomly his type. With probability f, the realized type is g. Given
type g, worker ¢ applies with probability pg,, to firm m. As a result, some
random set Z,, of workers applies to firm m. Suppose that the workers in
the set Z,, are ordered in such a way that their productivity is decreasing
and that the job positions at firm m are ordered in such a way that the
reserve values of the jobs are increasing, 71, > rom > ... > Tk,m. Lhe
workers in the set Z,, and the jobs at firm m are matched in a one-to-
one fashion so that the worker with the highest productivity is matched
to a job with the lowest reserve value, the worker with the second highest
productivity is matched with the job with the second highest reserve value,

etc. Each match between a worker of type g and a job position j at firm m
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generates surplus max(wgm, — 7jm, 0), denoted by (wgm — rjm)T. To describe
analytically the surplus generated at firm m, I associate the following random
variable X; with each worker i. With probability 1 — > fypgm (worker i
does not apply to firm m) X; = 0. With probability f,pg, (worker ¢ draws
type g and applies to firm m) X; = wy,. Workers are ex-ante identical,
draw their type and apply to firms independently of each other, and use
symmetric application probabilities. Therefore, the random variables X; are
independent and identically distributed. To determine the matches in the
firm I order the sequence Xi,..., X in a decreasing order so that X1 >

X® > > XD, Random variable X is a j*® largest element in the

sequence X1, ..., X;. By definition, the surplus generated at firm m is
Km
Win(Pm) =E Y (X9 —rj,) " (4.8.1)
j=1

Now I impose different restrictions on the parameters of the model to

simplify 4.8.1. I consider three different cases.
Case 1

Let’s assume that all the job positions at firm m have the same reserve value.

Formally, this condition can be written as
Assumption 4.8.1
for each m, 7Ty, =1, forallj (4.8.2)

Without loss of generality, I assume that r,, = 0. It follows immediately

from 4.8.1 that the function W,,(p.,) can be represented as follows.
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Proposition 4.8.1 Under Assumption 4.8.1 the function W,,(py,) can be
represented as follows. Let Xy, Xs,..., X1 be independent identically dis-
tributed random variables. Suppose that for each i support of X; is {O, Wiy« - - ,me}

and distribution h = (hg, h1, ..., hg) of X; is
hg = Pr(X; = wgm) = foPgm  ho=Pr(X; =0)=1—=) fopgm (4.8.3)
g

Then

K,
Win(pm) =E» XV (4.8.4)
j=1
where XU is the j** largest value in the sequence X1, Xo, ..., X.
Case 2

Suppose that the productivity of a worker at firm m does not depend on the

type of the worker. Formally, this condition can be written as follows.
Assumption 4.8.2
for each m, Wy, = wy, for any g (4.8.5)

In this case each random variable X; can take only two values, either zero or
wy,. Let’s call a realization of w,, a success and define random variable Y as
the number of successes in X7, ..., X, sequence (Formally, Y = ;7 > Xa).
Without loss of generality, I assume that K, = oo (The case of a finite K,
is equivalent to the case in which K, = oo and rj,, = oo for j > K,,). Then

the surplus function W,,(p,,) in 4.8.1 can be represented as
Y
Won(Pm) =ED (@i = 7jm) " (4.8.6)
j=1
where random variable Y has binomial distribution with parameters

Y ~ B(I, Z foPgm) (4.8.7)

Alternatively, the function W,,,(p,,) can be described as follows.
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Proposition 4.8.2 Under Assumption 4.8.2 The function W,,(p,) can be
described as follows. Let’s consider the following experiment. There is an
infinite staircase and a lady standing at the bottom of the staircase. The lady
flips a coin I times. Fach time the coin shows heads, the lady goes one step
up. Fach time the coin shows tails, she does not move. The probability of
heads is p = Zg foDgm- Then the function W, (pm) is equal to the expected
height that the lady goes up.

Note that the size of step j of the staircase corresponds to the value

(wm — 7jm) T in 4.8.6 and the size of the step is decreasing with j.
Case 3

Let’s assume that there is a single job position at each firm. Formally, this

can be written as

Assumption 4.8.3
for each m, K,, =1 (4.8.8)

This restriction is stronger than the restriction in case one. The expression

for Wi,,(pm) given in 4.8.4 can be simplified as
Won(pm) = EXW (4.8.9)

where XV = max(X;,...,X;). If I substitute the explicit expression for
EX® in 4.8.9 T obtain

Wam)= > [1={1= Y fymbgm | | Dwgm  (4.8.10)

GWgm>Tm g’:wg/mzwgm
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Therefore, W,,(py,) is a function of the form
Wn(Pm) = Y _ 6,7(A%Dr) (4.8.11)
g

where p,, is a G' by 1 vector, A9 are some 1 by G vectors, 6, are some positive

constants, and

y(z) @ R—R

() = 1—-(1—2z), z2e]0,1]

It is straightforward to verify that the function W,,(p,,) of the form given in

4.8.11 is a concave function of p,,.
Description of W¢ (q,,) in M

Recall the definition of W¢ (q,,) in M. Let’s pick a specific firm of type
m. For each type g the number of workers of type g who apply to the firm
of type m is a random variable variable, denoted by x,. Random variables
x1,...,xq are independent and distributed according to Poisson distribution
with parameter gg,. The productivities of the workers who apply to the firm

are described by the following sequence, denoted by w

x1 copies of w1, @2 copies of wan, z g copies of wgm
sl Ao > 1 T
_ 1 2 G
W= | Wiy oo s Wi Wams -« s Wirns -« s Weims - - - s Wiy (4.8.12)

Suppose that the s g clements of the sequence w are ordered in a

decreasing order so that

o > 0@ > > (S, (4.8.13)
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where w0 is a j™ largest element in sequence w. The surplus, generated in
the firm of type m, can be written as follows.

min(Km,3_ , Tg)
+

We(@ = > (w9 —rpm)", (4.8.14)

Jj=1
where, as before, rj,, is an increasing sequence of the reserve values of job

positions at the firm of type m and (W) — r;,)* = max(w — 7, 0).

4.8.2 Bayesian Game and Optimization Problem

Lemma 4.8.1 A solution p of the optimization problem 4.2.5 is also a sym-

metric Bayesian equilibrium of Gy.

Proof. By definition (section 4.2.4, page 105), the expected aggregate
surplus W (p) is

W(p) = Egm (Z Wo(g.m) | p) (4.8.15)

Let’s consider the expected aggregate surplus function as a function of a
profile of asymmetric application probabilities (p', ..., p’), where p’ = (p;,,)
is a matrix of application probabilities of worker . The function, denoted by

Wasym(pl . pl) is defined as

Wasym<p17 e 7p1) = Eg,m (Z /_va(ga m) | p17 e apl> (4816)

Maximization of the function W (p) with respect to p is equivalent to maxi-
mization of the function W2¥™(p!, ... p!) with respect to p!,...,p! under
the constraints p! = p’ for any [ and j. Let p~* = (p,...,p" 1, p'*L, ..., pf)

and let P = (p',...,p’). The function W2¥™ () can be rewritten as

Wasym(ﬁ) = Z Egi,mi |:Eg_i,m_i (Wm(g) m) | Gis M, p_l)

pz} (4.8.17)



CHAPTER 4. MATCHING WITH COORDINATION FRICTIONS 140

where g_; = (¢1,--.,0Gi-1,Gi+1,91), M_; = (M1, ..., Mi_1,Miy1,Mm1), Eg s
denotes expectation with respect to realizations of g; and m,, and Eg , m ,
denotes expectation with respect to realizations of g_; and m_; for given
distribution f and asymmetric application probabilities P .

Next I represent the expected surplus W2¥™ () as a sum of the expected
surplus, generated by all the workers except worker ¢ and the expected con-

tribution of worker ¢ to the aggregate expected surplus. Formally,

Wasym(?) = Z Eg.m, [Egﬂ',m,i (Wm(g, m) - Wrr_zi(g—i? m—i)—'—

W, (g, m ) | g, mi, p7) PZ} = Eg,i,m,i<z W, (g, my) | P_i>

+ Eg, i [Egﬂ,,mﬂ. (W(g, m)]gi,mi,p*i) p’} (4.8.18)

where (g, m) = W,,(g, m) — W (g_;, m_;). Suppose that p is a solution

of the optimization problem

max W (p) (4.8.19)

P
and suppose that the profile of application probability matrices (p?,. .., p’)
such that p' = p for all ¢ is not an equilibrium of the model. Then for
some i there exists a deviation from strategy p’ to some other strategy p

that increases the expected payoff of worker i. By definition, the expected

payoff of worker i is E,, [Eg_“m_i (v'(g, m)|g;, mi, p~) p’}. Therefore, it
follows from 4.8.18 that a deviation from matrix p’ to matrix p increases
the aggregate expected surplus Wasym(ﬁ). Moreover, since the aggregate

expected surplus Wasym(ﬁ) is a linear function with respect to p°
W () = Eg i, (Y W' (giomo) [ p7)

+ Z fgip;imi [ngi,mfi (@1‘<g’ m) ’giv mg, pii):| (4'8'20>

gi,M;
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element 1%
. . . . >\ - . . ~ 7
the directional derivative of W™ (p’) in the direction (0,...,0,p — p*,0,...,0)
is positive. Function Wasym(ﬁ) is symmetric with respect to p’. Therefore,

element j

. . . . —>\ - . . ~ y
the directional derivative of W2¥™('p’) in the direction (0,...,0,p — p’,0,...,0)

is positive for any j. Since the objective function W2¥™ () is continuously
differentiable with respect to p the directional derivative of the function in

the direction (p—p,...,p—p) is also positive. Thus, the profile of application

probability matrices (P, ..., P) is not a solution of the problem
max W™ (p' ... p’) st. pl =p’ for any [, j (4.8.21)
(p17"'7p1)

and, therefore, p does not maximize the function W(p). =

Theorem 4.3.1 The set of solutions of the first-order conditions of the
optimization problem 4.2.5 coincides with the set of symmetric Bayesian equi-

libria of Gy.

Proof. Let’s consider the surplus maximization problem

max, W (p)
S Dgm =1 (4.8.22)
Pgm =0

I call matrix of application probabilities p a feasible matrix if it satisfies

constraints in 4.8.22. By definition of W&¥y™
W(p) = W*¥(p,...,p) (4.8.23)

Suppose that p is a symmetric equilibrium of the model. Then from

4.8.20 it follows that for any feasble matrix of application probabilities p
Wes¥t(p,...,p,...,p) > W*¥(p,...,p,...,P) (4.8.24)

Therefore, the directional derivative of W2¥™ in the direction (0,...,0,p —

p,0,...,0) is non-negative. Thus, directional derivative of W in the direction
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p — p is non-negative for any feasible matrix p. This is true only if the first-
order conditions hold at the point p.

Suppose now that the first-order conditions are satisfied at point p. Then
the directional derivative of the function W is nondecreasing in any direction
p—p. Note that either any i the directional derivatives of Wa¥™ in the direc-
tion (0,...,0,p—p,0,...,0), where p— p is at #*! position, are nonnegative
or all are positive. From 4.8.23 it follows that only the first possibility can
be true. Since the function W3¥™ is linear in each p’ the function W™ is
nondecreasing in the direction (0,...,0,p — p,0,...,0). Therefore, p is an

equilibrium. m

Corollary 4.3.2 If the expected aggregate surplus function W (p) is con-
cave then any symmetric equilibrium of Gr mazimizes W (p). If the function

W (p) is strictly concave then there exists a unique symmetric equilibrium of

gr.

Proof. The corollary follows immediately from the theorem 4.3.1. m

4.8.3 Properties of Optimization Problem
Discrete Model

Note that there is a linear relationship hy = f;pgm between distribution h and
application probabilities p. Therefore, concavity of the function E Zf; X®

with respect to h implies concavity of the function W,,(p,,) with respect to

Pm.

Proposition 4.8.3 Let X, Xo, ..., X; be independent identically distributed
random variables. Let {wq,ws,...,wa} be a support of the random variables

and let h = (hg, h1,...,hg) (where hy = Pr(X; = w,)) denote a common
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distribution of the random variables. Then for any k, the function V¥(h) =

EZ X 4s a concave function of distribution h.

Proof. Let p;, = EX @) where X is i*® order statistics constructed
from n i.i.d random variables X1, X, ..., X,,. Let h® = (hg, ..., h%) and h® =
(h, ..., %) be two arbitrary distributions with support {wp,ws, . ..,we} and
h(A) = Ahe+ (1 = \)R®, X € [0,1]. Let also H*, H® and H(\) be the cumula-
tive distribution functions that corresponds to distributions h%, h® and h(\).
Given () I find the expectations pi;,, ¢ = k...n. I need to show that the
function ) ,_, | pin is a concave function of A € [0, 1] for an arbitrary choice

of distributions h® and h®. The proof is shown in two steps:

(@) pin =250 (021) () (1) "y
reference: H.A. David [10],

n n! G j
where (7) = 5o and py; = >0 o(wger — wy) (1 — [Hy(A)]). (The
function [H,(\))’ is a cumulative distribution function of the j** order
statistic X ) if the sequence size is j). I need to show that the following

function is negative:

n G
a)\2 Z'um - _Z (W1 — wy) [H; - H;]Q
g=0

X ZZJ (j—1) < )(Z B D( 177 (H,(\)Y 2 <0 (4.8.25)

(b) Prnls) =

= Y >l — 1)(?) (Z.A:ll)(—l)j_z}sj_2 is nonnegative for any k,n,

and s € [0,1]. This is shown in the following lemma.
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Lemma 4.8.2

Brn(5) TR k)!sk—m — )k (4.8.26)
Proof.
n n n' (j _ 1)[ . .
n = -1 1) tg?
Pnl) = 2 200 =D =g -
= -1 -1 Jj—i.J—2
2 il(j —9)!(n —j)lU Ji(=1)"s
i=k j=t
denote [ = 7 — 7 and o n!
T — : : C a2
change summation order B ' i!(l)!(n —]— Z~>!Z(l + 1)( 1) S
=0 i=k
(4.8.27)
l A
b
N
n—k :ljg\z'
k n g

The picture shows the (7,1) region (filled with red) over which the summation takes

place

Let

—k —1 nl . i
Prn(s) = S S W'—z—i)ﬂ(_l)lSH 1
n—k n—l n! i i
on,n(saw =) 10 Zi:k ml(—l)ls 1tl7
Ck,n(sa t) = 1—0 Zi:k‘ W'_l_z)l(_]-)ls tl

The following equalities hold
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¢k,n<3) = %@k,n(s)a
on,n(s) = Sok,n(sa 8)7
Spk‘,n(sv t) = an—l,n—l(Sv t)

The first two equations are trivial. The last equation holds because ¢y (s, t) =

(n—1)—(k—-1) —1-1 n—1)! i—
nZl:O Z?—l:kq (i_l)!(l)!(((n—l))—l—(i_l))!<_1)ZS 14l

Taking derivative of (i, (s,t) with respect to t and s I get the following

identities:
Ok n(s,t n—k n—1)—(l—1 n(n—1)! 1 ggl—
Qﬁat( d = 1=1 Zizk " )i!(l—l)!(n(—1—2—(1—1))!(_1)(_1)l T = —nGn
OClon(s,t) n—k xn—I n(n—1)! i— _
G = D=0 Dick (i—l)!l!(n(—l—zi—l)—l)!(_1)l8 "= nle1n
Therefore
0 0 0
n = 5 n\9 = 5 n 7t =s AL n at =s —
Oun(5) = 5 k(5 5) = = Prn(s,Dlims + £ Prn(s, )l
0 0
= N5 Ck—-1n— 7t =s A, Sk—1,n— 7t =5 —
naka 1n—1(8, )]s +8tCk 1n—1(8, )]s

=n(n —1)(C-2,n-2(5,8) = Go—1,n—2(5, 5))

Finally,
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1 n—l

i n_l_l)( 1)l$l+i:

{ increase the upper index in the 15% sum }

n—

k—
Chotn(s,8) = >

=0 1

decrease the lower index in the 2°¢ sum

n—k [ n—I TL' - n| . k
:Z:h;ﬂ@W%J—QN_US R ]fE:VJZ

n! Gkt

Rl — k=Y

n! L (k)
= (s, 8) — o Bl k)!Sk Z; —“(72 — 2 i (=Dt =

= Ck,n<57 S) — n—8k<1 — S)n_k (4828)
which proves the lemma. m

Proposition 4.8.4 Let’s define function V(p) as follows. There is an infi-
nite staircase and a lady standing at the bottom of the staircase. The lady
flips a coin I times. Fach time the coin shows heads, the lady goes one step
up. Fach time the coin shows tails, she does not move. The probability of
heads is p. Function V(p) is defined as expected height that the lady goes up.
Then V (p) is a concave function of p if the height of the stairs is decreasing
with the height and is a convex function of p if the height of the stairs is
increasing with the height.

Proof. Let V; be cumulative height of i steps, (V5 = 0,V,, = V) and

= V; — V;_1 be the height of step <. By assumption v; is decreasing
with 7. The expected height that the lady goes up is equal to W(p) =
S Cip(l—p)" V=V =" o P =V 43", AUZP , where P( ) =
Zizo Cop*(1 —p)n=s P =3 0 PY . and Av; = vy — v < 0.
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To finish the proof I have to show that P®)(p) is a convex function. This

is done in the following lemma. =

op) ap®
Lemma 4.8.3 —>* = —np;, 1 or, more generally, —-

op ok (_1>k—(nﬁ!k)gpi,n—k’

where p; ,, is the distribution of the Binomial B(p, n) distribution and PZ(]:Z) is

the £*™ cumulative sum of the binomial B(p,n) distribution.

Proof. This is proved by taking directly the derivative of Pz(ib) =3 CopP(1—

p)" % with respect to p. =
Theorem 4.2.1 Suppose that either

(a) Firm m € {1,...M} has a constant reserve value of each job position

(that is, for each m, 7, = 1y, for all j)
or

(b) The productivity of a worker does not depend on the type of the worker
at firm m € {1,...M} (that is, for each m, wym, = wy, for any g)

Then the expected surplus function W (p) is a concave function of a
G x M matriz of application probabilities p on the set of all feasible

matrices of application probabilities.

Proof. If restriction (a) holds then the function W,,(p) can be rep-
resented as described in Proposition 4.8.1. The concavity of the function
follows then from Proposition 4.8.3.

If restriction (b) holds then the function W,,(p) can be represented as
described in Proposition 4.8.2. The concavity of the function follows then
from Proposition 4.8.4.

Concavity of W,,(p) implies immediately concavity of W(p) = > W, (p).
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Continuous Model

Lemma 4.6.1 If Assumption 4.6.1 holds then the function W¢ (qy,) is strictly
concave and, therefore, for any vector u = (uy,...,uq) there exists a unique

solution q,, to the optimization problem

qm=>0

max [Wﬁz(%n) - Z UqQgm
9

+) oy (4.8.29)
g

Proof. Without loss of generality, let’s assume that the productivity of

workers at a firm of type m are ordered as follows
Wim > Wam > .. > Wam > Tm (4.8.30)

so that the function WS (qim, - - -, qem) can be written as follows

W'rcn((.hﬂ”w cee aqu) =
= Wim — (wlm - me) eXP(‘le)) - (w2m - W3m) exp(_(hm - q2m))_

— ... — Wam eXp(—Chm — ... — qu)) (4831)

Let’s make a change of variable x,, = Aq,, in the function W (q,,), where
matrix A has ones on the main diagonal and everywhere below the main
diagonal and matrix A has zeros everywhere above the main diagonal. The

function W¢ (q) can be written as W< (qm) = vm(AQqm), where

VU (Xim) = Wim — (Wim — Wam) €XP(—Z11m) — (Wam — Wam,) €XP(—Tapm ) —

oo — Wem eXp(Tem)  (4.8.32)

The second derivative of W (q,,) with respect to q,, is equal to

O*We _ AT82vm
oq?, ox,

(Aqy,) A (4.8.33)

Strict concavity of W¢ (q,,) follows from equation 4.8.33, strict concavity of

the function v,,(x,,), and non-singularity of matrix A.
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Uniqueness of the solution of optimization problem 4.8.29 follows from

strict concavity of the function W¢ (q,,). ®

Lemma 4.8.4 Suppose that Assumption 4.6.1 holds. Let [D2W,§l]71 be the
inverse of the second derivative matriz of WE (qum ). Then the matriz [D2We] ™!
has the following properties. Matrix [D2an]_1 has negative elements on the
main diagonal and positive elements on the diagonals below and above the
main diagonals. All the other elements are zero. The sum of the elements

along any row or column is smaller or equal to zero.

Proof. Let’s make the same change of variables as in the proof of Lemma
4.6.1. It can be directly verified that the matrix A~ has ones on the main
diagonal, minus ones on the diagonal below the main and zeros everywhere
else. The second derivative of W¢ (q,,) with respect to q,, is given in 4.8.33.

. 2 c .
Therefore, the inverse of 862/{” is equal to

8;22& g (AT (4.8.34)
where the matrix
o\
A, = (Gx%n:) (Aqm) (4.8.35)
has negative elements —\g, = [— exp(—Zgm ) (Wgm — Wes1m)] " on the main

diagonal and zero off-diagonal elements. Multiplying the matrices in 4.8.34, [
obtain the matrix that has the following elements in the ¢*" row, g = 1,...,G.
The element at position g is —Ag_1,, — Agm, the elements at positions g — 1
and g+ 1 are A\j_1,, and A, and the element at any other position is zero.
The sum of the elements in each row and column is equal to zero except the

last row and column where the sum is smaller or equal to zero. m

Lemma 4.6.2 The solution qgn(u) of the optimization problem 4.8.29
has the following properties.
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1. For each g, the function qgm(u1,...,uq) is a non-increasing function
of ug.
2. For each g, the function qgm(ui, ..., ug) is a non-decreasing function

of up, for any h # g.

Proof. Let u = (uy,...,ug) and q,,(u) = (@m(v),...,gem(u)). The

function q,,(u) is the solution of the following optimization problem.

am >0

max [WC Qm) Zulqlm] (4.8.36)

Consider first the case that g,,,(u) = 0. As w;, increases, the function g, (1)
does not decreasing since gy, (u) > 0. Suppose now that u, increases. The
objective function in 4.8.36 decreases for all positive values of g,,, and does
not change if g4, = 0. Therefore, the solution of 4.8.36 does not change with
an increase n g.

Suppose now that gy, (u) > 0. Let ,,, denote lagrange multipliers associ-
ated with constraints ¢,,, > 0 and let I, = {l: y;,(u) = 0}. Without loss of
generality, let’s assume that ' = {1,2,...,Go}. Let q)f = (qum, - - - Gom)s
ut = (W, - - Ugym), and Wet(qt) = We(qim, - -+, 9com,0...,0). Let’s

consider the following unconstrained optimization problem

max | W (qh) Z (Thine (4.8.37)

dm
lery,

Note that the functional form of W¢ (q,,), given in 4.8.31, and W& (q;h)
is similar and Assumption 4.6.1 holds in the case of W& (q;). There-
fore, Lemma 4.8.4 applies to W% (q). The solution of 4.8.37, denoted

by q (u"), can be found from the first-order conditions

dwet
m — u+

o (4.8.38)
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Taking derivative with respect to u™ of the left- and right-hand side in 4.8.38

. . . dq;,
I obtain the following expression for =

% = [D*wet]™ (4.8.39)
By Lemma 4.8.4, the derivative of q;m is negative with respect to ¢ and
positive with respect to any h # g. Therefore, if u, increases by some small
€ then q;m decreases and q; increases for any h # g. The new solution is

feasible and, therefore, the vector q = (q*,0) is the solution of 4.8.36. m

4.8.4 Convergence

The convergence theorems are quite technical.

Proposition 4.5.1 Suppose that a set of firms F s identical from the
point of view of all workers. That s, the number of jobs, the reserve values
of the jobs, and the productivity of a worker of type g € {1,...,G} is the
same at each firm in the set. Then there exists a surplus mazimizing matric
of application probabilities such that for each g workers of types g apply with

equal probabilities to the firms in the set.

Proof. Let’s assume without loss of generality that the set of the iden-
tical firms is F = {1,...,M;}. Let p,, denote the surplus maximizing
application probabilties. Let also ¥ denote the set of all possible permuta-
tions of the elements (1,2, ..., M;). Because the firms 1,..., M; are identical
the application probabilties pg,, = pgo(m) for m =1,..., My and pg,, = pgm
for m = My, + 1,..., M are optimal for an arbitrary permutation ¢ € 3.
Since the expected surplus functional is concave I obtain W(M%, Yopes ) >
M%! Y wess W(p7) = W(p). Therefore, the matrix of application probabilties
MLﬂ > ses, P7 maximizes the surplus and the firms m = 1,..., M, are selected

with the same probability. m
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Theorem 4.6.1

1. Suppose that p and q are such that

pgm - _QQm (4840)

Then W (p) — WE(q) and, therefore, w — W¢(q) as n — oo,

where the convergence s pointwise.

2. Suppose that the functions W™ (p) are concave with respect to p for

any n. Then the function W¢(q) is concave with respect to q.

Proof. The general intuition is standard. Informally, it says that the sum
of a large number of arbitrary distributed random variables each of which is
close to zero is distributed approximately as a Poisson distribution. There
obviously exist general theorems that formalize the idea. I show this directly
without making reference to any results.

By the central limit theorem the number of workers of type ¢ in a large
finite model is distributed as &, ~ a,n + /nZ,, where Z, is some gaussian

random vector. The choice of a firm of type m by a worker of type ¢ is a ran-
1 with probability 2=

0 with probability 1 — 2z -
Y}, = 1 if the worker selects the firm and zero otherwise. The characteristic

dom variable Y, with a distribution Y}, = {

function of Y, is gogf,%(z) =1—22(1 — 2). (The characteristic function is

defined as i (z) = EzYom).

The number of the workers that apply to the firm m is a random vari-
able (\n) = Z?:gl Y/, Let (bgf,%(z) be the characteristic function of ({1. I have
o (2) = Eag(gogﬁ,%)ag. As % — q, Thave lim,, O (2) = limy o [1—Bem(1—2)]"" =

exp(—¢ym(1 — 2)). But the function exp(—gym(1 — 2)) is the characteristic

function of the Poisson distribution with parameter gg,.
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Since all the functions that I consider are continuous and bounded the
weak convergence of the distributions guarantee the convergence of the ex-

pectations of the surplus functionals. m
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